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PEEFACE. 



The present Treatise is, as the title-page indicates, the joint 
production of Prof. Tait and myself. The preface I write 
in the first person, as this enables me to offer some personal 
explanations. 

For many years past I have been accustomed, no doubt 
very imperfectly, to introduce to my class the subject of 
Quaternions as part of elementary Algebra, more with the 
view of establishing principles than of applying processes. 
Experience has taught me that to induce a student to think 
for himself there is nothing so effectual as to lay before him 
the different stages of the development of a science in some- 
thing like the historical order. And justice alike to the stu- 
dent and the subject forbade that I should stop short at that 
point where, more simply and more effectually than at any 
other, the intimate connexion between principles and pro- 
cesses is made manifest. Moreover in lecturing on the ground- 
work on which the mathematical sciences are based, I could 
not but bring before my class the names of great men who 
spoke in other tongues and belonged to other nationalities 
than their own — Diophantus, Des Cartes, Lagrange, for in- 
stance — and it was not just to omit the name of one as 
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great as any of them, Sir William Rowan Hamilton, who 
spoke their own tongue and claimed their own ijiationality. 
It is true the name of Hamilton has not had the impress 
of time to stamp it with the seal of immortality. And it 
must be admitted that a cautious policy which forbids to 
wander from the beaten paths, and encourages converse 
with the past rather than interference with the present, is 
the true policy of a teacher. But in the case before us, 
quite irrespective of the nationality of the inventor, there 
is ample ground for introducing this subject of Quaternions 
into an elementary course of mathematics. It belongs to 
first principles and is their crowning and completion. It 
brings those principles face to face with operations, and thus 
not only satisfies the student of the mutual dependence of 
the two, but tends to carry him back to a clear apprehension 
of what he had probably failed to appreciate in the sub- 
ordinate sciences. 

Besides, there is no branch of mathematics in which 
results of such wide variety are deduced by one uniform 
process; there is no territory like this to be attacked 
and subjugated by a single weapon. And what is of the 
utmost importance in an educational point of view, the 
reader of this subject does not require to encumber his 
memory with a host of conclusions already arrived at in 
order to advance. Every problem is more or less self- 
contained. This is my apology for the present treatise. 

The work is, as I have said, the joint production 
of Prof. Tait and myself. The preface I have written 
without consulting my colleague, as I am thus enabled 
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to say what could not otherwise have been said, that 
mathematicians owe a lasting debt of gratitude to Prof. 
Tait for the singleness of purpose and the self-denying 
zeal with which he has worked out the designs of his 
friend Sir Wm. Hamilton, preferring always the claims of 
the science and of its founder to the assertion of his own 
power and originality in its development. For my own 
part I must confess that my knowledge of Quaternions 
is due exclusively to him. The first work of Sir Wm. 
Hamilton, Lectures on Quaternions, was very dimly and im- 
perfectly understood by me and I dare say by others, until 
Prof. Tait published his papers on the subject in the 
Messenger of Mathematics, Then, and not till then, did 
the science in all its simplicity develope itself to me. Sub- 
sequently Prof. Tait has published a work of great value 
and originality. An Elementary Treatise on Quaternions. 

The literature of the subject is completed in all but 
what relates to its physical applications, when I mention in 
addition Hamilton's second great work, Elements of Quater- 
. nions, a posthumous work so far as publication is concerned, 
but one of which the sheets had been corrected by the 
author, and which bears all the impress of his genius. But 
it is far from elementary, whatever its title may seem to 
imply; nor is the work of Prof. Tait altogether free from 
difficulties. Hamilton and Tait write for mathematicians, 
and they do well, but the time has come when it behoves 
some one to write for those who desire to become mathe- 
maticians. Friends and pupils have urged me to undeiiake 
this duty, and after consultation with Prof. Tait, who from 



Vlll PREFACE. 

being my pupil in youth is my teacher in riper years, 
I have, in conjunction with him, and drawing unreservedly 
from his writings, endeavoured in the first nine chapters 
of this treatise to illustrate and enforce the principles of 
this beautiful science. The last chapter, which may be 
regarded as an introduction to the application of Quater*- 
nions to the region beyond that of pure geometry, is due 
to Prof. Tait alone. Sir W. Hamilton, on nearlv the last 
<jompleted page of his last work, indicated Prof. Tait as 
eminently, fitted to carry on happily and usefully the appli- 
cations, mathematical and physical, of Quaternions, and as 
likely to become in the science one of the chief successors 
of its inventor. With how great justice, the reader of this 
chapter and of Prof. Tait's other writings on the subject 
will judge. 

PHILIP KELLAND. 



Universitt op Edinburgh, 
October, 1873. 
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Iin:RODUCTORT. 



The science named Quaternions by its illustrious founder. Sir 
/ William Rowan Hamilton, is the last and the most beautiful ez- 
" ample of extension by the removal of limitations. 

The Algebraic sciences are based on ordinary arithmetic, start- 
ing at first with all its restrictions, but gradually freeing themselves 
from one and another, until the parent science scarce recognises 
itself in its offspring. A student will best get an idea of the thing 
by considering one case of extension within the science of Arith- 
metic itself. There are two distinct bases of operation in that 
science — addition and multiplication. In the infancy of the science 
the latter was a mere repetition of the former. Multiplication was, 
in fact, an abbreviated form of equal additions. It is in this form 
that it occurs in the earliest writer on arithmetic whose works have 
come down to us — Euclid. Within the limits to which his prin- 
ciples extended, the reasonings and conclusions of Euclid in his 
seventh and following Books are absolutely perfect. The demon- 
stration of the rule for finding the greatest common measure of 
two numbers in Prop. 2, Book YII. is identically the same as that 
' which is given in all modem treatises. But Euclid dares not 
venture on fractions. Their properties wei-e probably all but un- 
known to him. Accordingly we look in vain for any demonstration 
of the properties of fractions in the writings of the Greek arith- 
meticians. For that we must come lower down. On the revival 
T.Q. 1 

65 
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of science in the West, we are presented with categorical treatises 
on arithmetic. The first printed treatise is that of Lucas de Biurgo 
in 1494. The author considers a fraction to be a quotient, and 
thus, as he expressly states, the order of operations becomes the 
reverse of that for whole numbers — ^multi'plication precedes addi- 
tion, etc. In our own country we have a tolerably early writer on 
arithmetic, Robert Record, who dedicated his work to King Edward 
the Sixth. The ingenious author exhibits his treatise in the form 
of a dialogue between master and scholar. The scholar battles 
long with this difficulty — ^that multiplying a thing should make it 
less. At first, the master attempts to explain the anomaly by 
reference to proportion, thus : that the product by a fraction bears 
the same proportion to the thing multiplied that the multiplying 
fraction does to unity. The scholar is not satisfied ; and accord- 
ingly the master goes on to say : " If I multiply by more than one, 
the thing is increased ; if I take it but once, it is not changed ; and 
if I take it less than once, it cannot be so much as it was before. 
Then, seeing that a fraction is less than one, if I multiply by a 
fraction, it follows that I do take it less than once," etc. The 
scholar thereupon replies, "Sir, I do thank you much for this 
reason ; and I tmst that I do perceive the thing." 

Need we add that the same difficulty which the scholar in the 
time of King Edward experienced, is experienced by every thinking 
boy of our own times ; and the explanation affiDrded him is precisely 
the same admixture of multiplication, proportion, and division which 
suggested itself to old Robert Record. Every schoolboy feels that 
to multiply by a fraction is not to multiply at all in the sense in 
which multiplication was originally presented to him, viz. as an 
abbreviation of equal additions, or of repetitions of the thing multi- 
plied. A totally new view of the process of multiplication has 
insensibly crept in by the advance from whole numbers to fractions. 
So new, so difierent is it, that we are satisfied Euclid in his logical 
and unbending march could never have attained to it. It is only 
by standing loose for a time to logical accuracy that extensions in 
the abstract sciences — extensions at any rate which stretch from 
one science to auother — are effected. Thus Diophantus in his 
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Treatise on Arithinetic (i. e. Arithmetic extended to Algebra) 
boldly lays it down as a definition or first principle of his science 
that '* minus into minus makes plus." The science he is founding 
is subject to this condition, and the results must be interpreted 
consistently with it So far as this condition does not belong to 
ordinary arithmetic, so far the science extends beyond ordinary 
arithmetic : and this is the distance to which it extends — It makes 
subtraction to stand by itself, apart from addition ; or, at any rate, 
not dependent on it. 

We trust, then, it begins to be seen that sciences are extended 
by the removal of barriers, of limitations, of conditions, on which 
sometimes their very existence appears to depend. Fractional 
arithmetic was an impossibility so long as multiplication was re- 
garded as abbreviated addition ; the moment an extended idea was 
entertained, ever so illogically, that moment fractional arithmetic 
started into existence. Algebra, except as mere symbolized arith- 
metic, was an impossibility so long as the thought of subtraction 
was chained to the requirement of something adequate to subtract 
from. The moment Diophantus gave it a separate existence — 
boldly and logically as it happened — ^by exhibiting the law of minus 
in the forefront as the primary definition of his science, that moment 
algebra in its highest form became a possibility j and indeed the 
foundation-stone was no sooner laid than a goodly building arose 
on it. 

The examples we have given, perhaps from their very simplicity, 
escape notice, but they are not less really examples of extension 
frx>m science to science by the removal of a restriction. We have 
selected them in preference to the more familiar one of the extension 
of the meaning of an index, whereby it becomes a logarithm, because 
they prepare the way for a further extension in the same direction 
to which we are presently to advance. Observe, then, that in frac- 
tions and in the rule of signs, addition (or subtraction) is very 
slenderly connected with multiplication (or division). Arithmetic 
as Euclid left it stands on one support, addition only, inasmuch 
as with him multiplication is but abbreviated addition. Arithmetic 
in its extended form rests on two supports, addition and multiplica.- 
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tion, the one different front the other. This is the first idea we 
want our reader to get a firm hold of; that multiplication is not 
necessarily addition, but an operation self-contained, self-interpret- 
able — springing originally out of addition ; but, when full-grown, 
existing apart from its parent. 

The second idea we want our reader to fix his mind on is this, 
that when a science has been extended into a new form, certain 
limitations, which appeared to be of the nature of essential truths 
in the old science, are found to be utterly untenable ; that it is, in 
fsLct, by throwing these limitations aside that room is made for the 
growth of the new science. We have instanced Algebra as a growth 
out of Arithmetic by the removal of the restriction that subtraction 
shall require something to subtract from. The word " subtraction" 
may indeed be inappropriate, as the word multiplication ap- 
peared to be to Record's scholar, who failed to see how the midti- 
plication of a thing could make it less. In the advance of the 
sciences the old terminology often becomes inappropriate ; but if 
the mind can extract the right idea from the sound or sight of a 
word, it is the part of wisdom to retain it. And so all the old words 
have been retained in the science of Quaternions to which we are 
now to advance. 

The fundamental idea on which the science is based is that of 
motion — of transference. Keal motion is indeed not needed, any 
more than real superposition is needed in Euclid's Geometry. An 
appeal is made to mental transference in the one science, to mental 
superposition in the other. 

We are then to consider how it is possible to frame a new science 
which shall spring out of Arithmetic, Algebra, and Geometry, and 
shall add to them the idea of motion — of transference. It must be 
confessed the project we entertain is not a project due to the 
nineteenth century. The Geometry of Des Cartes was based on 
something very much resembling the idea of motion, and so far the 
mere introduction of the idea of transference was not of much value. 
The real advance was due to the thought of severing multiplication 
from addition, so that the one might be the representative of a kind 
of motion absolutely different from that which was represented by 
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the other, yet capable of being combined with it. What the nine- 
teenth century has done, then, is to divorce addition from multipli- 
cation in the new form in which the two are presented, and to 
cause the one, in this new character, to signify motion forwards 
and backwards, the other motion round and round. 

We do not purpose to give a history of the science, and shall 
accordingly content ourselves with saying, that the notion of sepa- 
rating addition from multiplication — attributing to the one, motion 
from a point, to the other motion about a point — ^had been floating 
in the minds of mathematicians for half a century, without producing 
many results worth recording, when the subject fell into the hands 
of a giant. Sir William Rowan Hamilton, who early found that his 
road was obstructed — ^he knew not by what obstacle-— so that many 
points which seemed within his reach were really inaccessible. He 
had done a considerable amount of good work, obstructed as he was, 
when, about the year 1843, he perceived clearly the obstruction to 
his progress in the shape of an old law which, prior to that time, 
had appeared like a law of common sense. The law in question is 
known as the commutative law of multiplication. Presented in its 
simplest form it is nothing more than this, ^' Ave times three is the 
same as three times five;** more generally, it appears under the 
form of " a6 = ha whatever a and b may represent.** When it 
came distinctly into the mind of Hamilton that this law is not a 
necessity, with the extended signification of multiplication, he saw 
his way clear, and gave up the law. The barrier being removed, 
he entered on the new science as a wan'ior enters a besieged city 
{hrough a practicable breach. The reader will find it easy to enter 
after him. 



CHAPTER II 

VECTOR ADDITION AND SUBTRACTION. 

1, Definition of a Vector, A vector is the representative of 
transference througli a given distance, in a given direction. Thus 
if AB be a straight line, the idea to be attached to " vector AB " is 
that of transference from A to B. 

For the sake of definiteness we shall frequently abbreviate the 
phrase " vector -4 J5 " by a Greek letter, retaining in the meantime 
(with one exception to be noted in the next chapter) the English 
letters to denote ordinary numerical quantities. 

If we now start from B and advance to (7 in the same direction, 
BO being equal to AB^ we may, as in ordinary geometry, designate 
'* vector BC " by the same symbol, which we adopted to designate 
« vector ABr 

Further, if we start from any other point in space, and 
advance fr*om that point by the distance OX equal to and in the 
same direction as AB, we are at liberty to designate " vector OX '* 
by the same symbol as that which represents AB, 

Other circumstances will determine the starting point, and in- 
dividualize the line to which a specific vector corresponds. Our 
definition is therefore subject to the following condition : — All lines 
which are equal and drawn in the same direction a/re represented by 
the same vector symbol. 

We have purposely employed the phrase " drawn in the same 
direction" instead of "parallel," because we wish to guard the 
student against confounding " vector AB " with " vector BA," 
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2, In order to apply algebra to geometry, it is necessary to 
impose on geometry the condition that when a line measured in 
one direction is represented by a positive symbol, the same line 
measured in the opposite direction must be represented by the cor- 
responding negative symbol. 

In the science before us the same condition is equally requisite, 
and indeed the reason for it is even more manifest. For if a 
transference from A to B he represented by + a, the transference 
which neutralizes this, and brings us back again to A, cannot be 
conceived to be represented by anything but -a, provided the 
symbols + and — are to retain any of their old algebraic meaning. 
The vector AB, then, being represented by + a, the vector BA will 
be represented by — a. 

3, Further it is abundantly evident that so far as addition and 
subtraction of parallel vectors are concerned, all the laws of Algebra 
must be applicable. Thus (in Art. 1) AB + BC or a + a produces 
the same result At AC which is twice as great as AB, and is there- 
fore properly represented by 2a ; and so on for all the rest. The 
distributive law of addition may then be assumed to hold in all its 
integrity so long at least as we deal with vectors which are parallel 
to one another. In fact there is no reason whatever, so far, why 
a should not be treated in every respect as if it were an ordinary 
algebraic quantity. It need scarcely be added that vectors in the 
same direction have the same proportion as the lines which corre- 
spond to them. 

We have then advanced to the following — 

Lemma« All lines drawn in the same direction are, as vectors, 
to he represented hy numerical muUiples of one and tJie same 
symbol, to which the ordinary laws of Algebra, sofa/r as their addi- 
tion, subtraction, and numerical multiplication a/re concerned, may 
he un/reservedly applied, 

4, The converse is of course true, that if lines as vectors are 
represented by multiples of the same vector symbol, they are 
parallel. 
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It is only necessary to add to what has preceded, that if BC be 
a line not in the same direction with ^ 

AB, then the vector BO cannot be 
represented by a or by any multiple 
of a. The vector symbol a must A "b 

be limited to express transference in a certain direction, and can- 
not, at the same time, express transference in any other direction. 
To express "vector -5(7" then, another and quite independent 
symbol P must be introduced. This symbol, being united to a by 
the signs + and — , the laws of algebra will, of course, apply to 
the combination. 

5, If we now join AC, and thus form a triangle ABC, and if 
we denote vector AB by o, BC by j8, AC hy y, it is clear that we 
shall be presented with the equation a + )8 = y. 

This equation appears at first sight to be a violation of Euclid L 
20 : " Any two sides of a triangle are together greater than the 
third side." But it is not really so. The anomalous appearance 
arises from the fact that whilst we have extended the meaning of 
the symbol + beyond its arithmetical signification, we have said 
nothing about that of a symbol = . It is clearly necessary that the 
signification of this symbol shall be extended along with that of 
the other. It must now be held to designate, as it does perpetually 
in algebra, " equivalent to." This being premised, the equation 
above is freed from its anomalous appearance, and is perfectly con- 
sistent with everything in ordinary geometry. Expressed in words 
it reads thus : " A transference from A to B followed by a trans- 
ference from B to C is equivalent to a transference from A to (7." 

6. Axiom. If two vectors have not the same direction, it is 
impossible that the one can neutralize the other. 

This is quite obvious, for when a transference has been effected 
from A to Bf it is impossible to conceive that any amount of trans- 
ference whatever along BC can bring the moving point back to A, 

It follows as a consequence of this axiom, that if o^, j3 be different 
actual vectors, ie. finite vectors not in the same direction, and if 
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ma + w)8 = 0, where m and n are numerical quantities ; then must 
«i = and n = 0. 

Another form of this consequence may be thus stated. If 
ma + nP=pa + qp, then must m =p, and n = q. 

7, We now proceed to exemplify the principles so far as they 
have hitherto been laid down. It is scarcely necessary to remind 
the reader that we are assuming the applicability of all the rules 
of algebra and arithmetic, so far as we are yet in a position to draw 
on them ; and consequently that our demonstrations of certain of 
Euclid's elementary propositions must be accepted subject to this 
assumption. 

To avoid prolixity, we shall very frequently drop the word vector, 
at least in cases where, either from the introduction of a Greek 
letter as its representative, or from obvious considerations, it must 
be clear that the mere line is not meant. The reader will not fail 
to notice that the method of demonstration consists mainly in reach- 
ing the same point by two different routes. (See remark on Ex. 9.) 

Examples. 

Ex. 1. Tlie straight lines which join the extremities o/eqttal and 
parallel straight lines towards the same parts are themselves equal 
amd pa/raUel, 

Let -4^ be equal and psurallel to CD ; ^ 
to prove that AG is equal and parallel 
io'BD. , 

Let vector AB be represented by o, ""'^ 

then (Art. 1) vector CD is also repre- ^ 
sented by o. 

If now vector CA be represented by )8, vector DB by y, we shall 
have (Art. 5) vector CB = CA + AB-^p + a, 

and vector CB = CD + DB = a + y ; 
. •. j8 + a = a + y, 
and j8 = y j 
so that P and y are the same vector symbol ; consequently (Ai-t 1) 
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the lines which they represent are equal and parallel; Le. CA is 
equal and parallel to BD. 

Ex. 2. The opposite sides of a parallelogram a/re equal ; and 
the diagonals bisect each other. 

Since AB is parallel to GDy if vector ABhQ represented by a, 
vector CD will be represented by some numerical multiple of a 
(Art. 3), call it ma. 

And since GA is parallel to DB ; if vector GA be j8, then vector 
DB is nP ; hence 

vector GB = GA + AB = pA-a, 
and =CI) + DB = ma + nP; 
.'. a + j8 = ma + 71)8. 

Hence (Art. 6) m= 1, w = 1, i.e. the opposite sides of the paral- 
lelogram are equal. 

Again, as. vectors, AO + OB = AB 

= GI) 
= G0 + OD; 

And as -4(9 is a vector along OB, and CO a vector along OB ; 
it follows (Art. 6) that vector AO is vector 0/>, and vector CO is 
OB; 

.-. line AO=OD, CO = OB, 

Ex. 3. TJi^ sides about tJie equal angles of equiangular triangles 
are proportionals^ 

Let the triangles ABGy ADE have a common 
angle -4, then, because the angles D and B are 
equal, DE is parallel to BC, 

Let vector AJD he represented by a, BE by 
)8, then (Art. 3) AB is ma, BC np. 

.'. as vectors, AE = AB + BE = a + )8, 

AG = AB + BC = ma-^np. ^. 

Now -4(7 is a multiple of -4 j^, call it /? (a + )8). 

.'. ma + 7ip=p{a + P), 
and m=2> = n(Art. 6). 





EX.4.] VECTOR ADDITION AND SUBTRACTION. 11 

But line AB : AD = w, 
lineJ5(7 : DE^n, 
.'. AB : AB :: BC : BE. 

Ex. 4. The bisectors of the sides of a triomgle meet in a point 
which trisects each of them. 

Let the sides of the triangle ABC be 
bisected in B, E, F-, and let AB, BE 
meet in G. 

Jjet yector BB ov BC he a, CE or E A 13, -^^ ' ^^ 
then, as vectors, /^^^^^^ 

BA=^BC + CA = 2a-h2p = 2{a + p), B' 

BE=^BC+CE = a-^py 

hence (Art. 4) BA is parallel to BE, and 
equal to 2BE. 

Again, BG + GA= BA 

= 2BE 

= 2{BG+ GE). 

Now vector BG is along GE, and vector GA along BG, 

.'. (Art. 6) BG=2GE, 

GA = 2GB, 

whence the same is true of the lines. 

Lastly, BG = ^BE 

^^(BC + CE)' 

= |(2a + )8); 
.-. CG = BG-BC 

= |(2a + )8)-2a 
= |(i3-a), 
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GF=BF-'BG 

= \ba-bg, 

= « + )8-|(2a + )8) 

= |08-a); 

hence CG is in the same straight line with GF^ and equal to ^GF, 

Ex. 5. When^ instead of D and E being the middle points of 
the sides, they a/re any points whatever in those sides, it is required 
to find G amd the point in which GG prodvjced meets AB. 

Let -j^ = m, -?Y> = ^ j Q-lso let vector DC = a, vector CE = P ; 

••. BG = ma, CA = np. 

Hence BE=BC + GE = ma+ p, 

DA = o + np. 

Let BG = xBE, GA = yDA, 

then BA=BG:¥ GA = x{ma + P) + y (a + np). 

But BA = ma + w)8, 

.•. (Art. 6) xm-hy^m, x + yn = ny 

BG (m-l)n AG (n-l)m 

and X, 1. e. -^^ = V , y or -j-^: = -^ ^ . 

' BE mn - 1 ' ^ -4-D mn-l 

Again, let BF = pBA = ;? (ma + n^). 

But BF^BC^CF 

= wa + a multiple of (76^ 

= Twa + » (76^^ suppose 

^ma.^z{BG-^BG\ 



= ma + z 



((m-l)n, ^. ) 

) \ L- (wia + j8) - ma y . 

( mn — 1 > '^' J 



The two values of BF being equated, and Art. 6 applied, 

there results 

- n— 1 77» — 1 
p = l-« =^, jp = «- . , 

77tM - 1 TWn - 1 



EX.6.] 



whence 
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1— p w — 1 
p m— 1 ' 

^•®* BF" VM' (Jn' 
or AF, BD . CE= AE.CD. BF. 

Ex. 6, TTAew, instead of as in Ex. 4, i^Aere i), ^, i^ are points 
taken within BG, CA, AB at distances equal to half those lines 
respectively y they are points taken in BC, CA, AB produced^ at 
the same distances respectively from C, -4, and B ; to find the inter- 
sections. 

Let the points of intersection be respectively G^, G^^ G , 

E 




and 



and 



Retaining the notation of Ex. 4, we have 

BD = 3a, CF=3I3; 
BG^ = xBB 

= a;(2a + 3)S) 

BG^ = BI)+DG^ 
= 3a + yJDA 
= 3a + y{CA^CD) 

2aj=3-y, 3x=2y, and x 



6 
7' 



(1), 



.-. line^ff3 = ^J^^. 
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SimUarlj line FG^ = y FG, 

linei)6^,= y2)il, 

and from equation (1) BG^ = = (2a + 3)3). 

But BG^ = BA + AG^ = 2a + 2p'¥AG^; 

.-. ^ff3 = |(2i8-a); 

2 
hence line AG^ = = line i)4 

a 7 

= 22)^., 

and similarly of the others. 

Ex. 7. The middle points of the lines which join the points of 
bisection of the opposite sides of a quadrilateral coincide^ whether 
Hie four sides of the quadrilateral he in the sa/me plane or not. 

Let ABCD be a quadrilateral j E, H, G, F the middle points of 
AB, BC, CD, DA; Xihe middle point o£ FG. 

Let vector AB = a, AG = fi, AD^y, 

then AF + FG==AD + DG gives 

ia + ^G^ = y + l(i8-y), 

Bud AX^AE + ^FG 

= j(a + ^ + y), 

which being symmetrical is a, )8, y in the same as the vector to 
the middle point of HF. 

X is called (Art. 14) the mean point of ABGD. 

Ex. 8. The point of bisection of the line which join^ the middle 
points of the diagonals of a quadrilateral (plane or not) is the mean 
poi/nl. 



1 



J D e c 

A K B 
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Let Py Q he the middle points of AC, 
J52>, JR that of FQ. 

RetaiDing the notation of the last ex- 
ample we have 




Similarly 



i.e. AQ = ^{AB-hAD). 
AE==^{AF-hAQ) 

= (a + ^ + y), 



ie. ^ is the same point as X in the last example ; and is therefore 
the mean point of A BCD, 

Ex. 9. AD is drawn "bisecting BC in D and is produced to any 
point E ; AB, CE produced meet in P ; AC, BE in Q; PQ is 
parallel to BC. 

IjetAB = a,AC=l3y 

AP = xa,AQ = yP, ^^ 

.-. BC=p^a,A]) = AB+^^BO, X 

and AE is a multiple of AJ) ^ z (a + fS) say. 

Then CP =pCE gives xa^-^^p {z (a + jS) - /5}, 

.'. (Art. 6) x=pzy — 1 ^^pz—p ; 

.*. p = x+ 1. 

Similarly BQ = qBE gives y)8 - a = g- {« (a + )8) - a}, 

y = qz, -l = g«-l, 
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and smce ;t = - s ? we LaTe 
P 1 

x = y, p = q; 
.\ PQ=yp^xa=x(fi-a) = xBCy 
\uawM tli« \m» PQ i» parallel to BC. 

Thn nudhfjtl porsued in this example leads to the solation of all 
nimihir prohh^nos. It consists, as we have already stated, in reach- 
iftf^ i\ut \miiiM P and Q respectively by two different routes, — ^viz. 
thrz/ugli and through E for P ; through B and through E for Q 
--Hiiud com|iaring the results. 

CV/r, 1, PE : EG :: p^\ . \ v. x . \ v. AP -. AB. ' 

Con 2. AE : AU :: 2z : 1 :: 2x : x-k-l 

:: 2(p-l) : p 
:: 2PE : PC, 

/. AD : J)E :: PE + EG : PE^EG. 

Ex. 1 0. //• />AT 6« c^at(w cutting the sides of a triangle ; then 
mil AJJ.BF. GE^AE. CF. BD. 

Tiut BD tt, DA^pa, AE=^p, EG = qp, 
W\m BG ju + yi r; = (1 +p) a + (1 + ^) iS, 

and (JF iit a tnuUiiilo of BG. 

1M(/F *xBG 

-flj{(l+;?)a+ (!+(?)/?}. ^ 

Hut GF==GE + EF 

'"-EG+EF 

. '. (Vitiating, wo have x{l-hp)^yp, x{l+q) = ^q + y^ 
whotioo a =- (1 + x)pqy 

CF BF AD CE 

**^'' JiO" BcmyAE' 

.'. AD.BF.CE^AE.CF.BD. 
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Ex. 11. If from any poirU unthin a parcdldogramy pcmdleU 
he drawn to the sides, the corresponding diagonals of the two 




pa/ralldogrwms thus formed, and of the original parallelogram, 
shall meet in the same poirU. 

JjQt PQ, RS moQt in T I 

join TO, OB. 

Let OA = a, 0B = ^, OQ = ma, OS^np, 

then QP=QC+CF = nl3 + (l^m)a,SE^SG-hOE = m^ + {l^n)l3, 

and T0=TQ--0Q=x{nl3'h(l-m)a}^m>a, 

also T0=TS''0S = y{ma + {l-v)P}--nl3, 

equating, there results 

a»i = y(l— 7i)-w; x (1- m) - m = ym ; 

m 



x = 



m — n 



mn 



mn 



and T0 = ^ (a^R) = —lirz — QD ', 

hence (Art 4) TO, OD are in the same straight line. 

Cob. to : TD :: mn : (l-m)(l-7i) :: OSCQ : CRDP. 

Ex. 12. The points of bisection of the three diagonals of a cony- 
flete guadrilaleral are in a st/raight line, 

T. Q. ^ 
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Py Q, R the middle points of the 
diagonals of the complete quadrila- 
teral A BCD, are in a straight line. 

Let AB^OyAD^p, 
AE^ma,'AF=np; 
.\ BF^np- a and BC = x{np -a), 

'Now BC + CB = BD = AD-^AB A 




gives 
whence 



x{nP'-a) + y(p-ma) = p'-a, 
ajw + y = 1, x + my - 1, 
m — 1 



x = 



and 



AP=^AC 



mn — l ' 
m—1 



2 I mn — 1 ^ '^ ') 



AQ-'AF^ 



AB^AF^ 



__l?w(7i— l)a + n(w — 1)^ 
" 2 mn — 1 

AB = -^ (Twa + nP), 
1 



2(W7l-l) 

mn 



{(w-l)a + (w-l)i8}, 
{(m-l)a + (7^-l)i8}, 



2(m7j-l) 

or vector PiZ is a multiple of vector FQ, and therefore they are in 
the same straight line. 

Cob. Line FQ : FB :: 1 : mn 

:: AB.AD : AE.AF 
:: triangle ABD : triangle AEF. 
"We shall presently exemplify a very elegant method due to 
Sir W, Hamilton of proving three points to be in the same 
straight line. 
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8, It is often convejaient to take a vector of the length of the 
unit, and to express the vector under consideration as a numerical 
multiple of this unit. Of course it is not necessary that the unit 
should have any specified value ; all that is required is that when 
once assumed for any given problem, it must remain unchanged 
throughout the discussion of that problem. 

If the line AB he supposed to be a units in length, and the 
unit vector along AB he designated by a, then will t^ector AB be 
aa (Art. 3). 

Sir William Hamilton has termed the length of the line in 
such cases, the Tensob of the vector ; so that the vector AB is the 
product of the tensor AB and the unit vector along AB. Thus if, 
as in the examples worked under the last article, we designate the 
vector AB by a, we may write a = TaUa, where Ta is an abbre- 
viation for * Tensor of the vector a j Ua for * unit vector along a . 

Examples. 

Ex. 1. If the vertical angle of a triangle he bisected by a 
straight line which also cuts the base, the segments at the base shall 
liave the same ratio tha^ the other sides of the triangle Iw/oe to one 
a/nother. 

Take unit vectors along AB^ A (7, which . 

call a, P respectively : construct a rhombus ^t<<^\ 

APQR on them and draw its diagonal AR. 
Then since the diagonals of a rhombus bi- 
sect its angles, it is clear that the vector 
AD which bisects the angle ^1 is a multiple of AR the diagonal 
vector of the rhombus. 

Now AR==AP'¥PR=^AP-¥AQ = a'{-P, 

.-. AD = x{a'¥P). 

Now vector AB=ca, AG=bP; using c, 6 as in ordinary 
geometry for the lengths of AB, AO. 

Hence BD=AD--AB = x{a-\-P)^ca, 

and BD^yBG^y^AC-AB) *' 

= y(6/S-ca), 




20 QUATERNIONS. [CHAP. II. 

Equating, a; - c = — yc, a; = ^6 ; 

and BD : DC \: y :\^y 

:: c : h 

:: BA : AC, 
Cor. If a, P are unit vectors from A, and if 8 be another 
vector from A such that 8 = a; (a + )3) ; then 8 bisects the angle 
between a and p, 

Ex. 2. TA€ three bisectors of the angles of a triangle meet in a 

point 

Let AD, BE bisect A, B and meet in G, GG bisects G. 

Let units along AB, AC, BC be a, )8, y, then as in the last 

example, 

AG = x{a + p\BG^y{^a + y), 

But ay = 6)3 - ca, 

and CG = AG-AC 

also CG^BG-BC, 



( h0-ca\ .^ 



whence 



c 
•. x= -y^-y + c, 
a 

a 

he 
x = 



a+b + c^ 



and CG = — I {ca - (a + bm 

a + b + c^ ^ ^' 
hence CG bisects the angle C (Cor. Ex. 1). 
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9, If a, jS, y are non-parallel vectors in the same plane, it is 
always possible to find numerical values of a, 6, c so that aa + bp 

+ cy shall = 0, 

For a triangle can be constructed whose sides shall be parallel 
respectively to a, /S, y, 

Now if the vectors corresponding to those sides taken in order 

be aa, b^, cy respectively, we shall have, by going round the 

triangle, 

aa + bP-\-cy=0. 

10, If a, Pf y are three vectors neither parallel nor in the 
same plane, it is impossible to find numerical values of a, b, c, not 
equal to zero, which shall render aa + bp + cy = 0. 

For (Art. 5) aa + bfi can be represented by a third vector in 
the plane which contains two lines parallel respectively to a, ^. 
Now cy is not in that plane, therefore (Art. 6) their sum cannot 
equal 0. 

It follows that if aa + b^ + cy = and a, 13, y are not parallel 
vectors, they are in the same plane. 

11, There is but one way of making the sum of multiples 
of a, )3, y (as in Art. 9) equal to 0. 

Let aa + bp-hcy = 0, 

and also pa-hql3 + ry = 0. 

"By eliminating y we get 

(or - cjp) a + {br — cq) ^ = 0; 
,\ (Art. 6) a/r = cp, br = cq, 
or a : b : c :: p : q : r, 

I 

so that the second equation is simply a multiple of the first. 

12, If a, )8, y are coinitial, coplanar vectors terminating in 
a straight line, then the same values of a, b, c which render 
oa + 6j8 + cy = will also render a + 6 + c = 0. 
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Let vector OA=a, 08 = ^, OC = y, ABO 
being a. etraight line ; then 

ABr=p-a, 

AC = y-a. 

Bat AC is a multiple of AB, 

ory-a = p{fi-a). 
i.e. (p-l)a-pj8 + y = 0. 
But (p-l)~p+l = 0; 

and as ^ - 1, —p, + 1 correspond to a,b,o and satisfy the con- 
dition required, the proposition is proved generallj (Art. 11). 

13. Conversely, if a, /S, y are coinitial coplanar vectors, and if 
both aa + h^-i-cy = and a + b-i-c^O, then do a, fi, y terminate 
in a straight line. 

For ay + by + ey-0^ 

tiierefore by subtraction 

i e. y — a is a multiple oiy—P, and therefore (Art, 4) in the same 
straight line with it : L e. AC is in the same straight line with 
SC. (See Tait's QuaUmiom, § 30.) 

EXAUPU3. 

Ex. 1, If two triangles are so ettualed that the lines which 
join corresponding angles meet in a point, then pairs of correspond- 
ing sides being produced loiil meet in a straight line, 

ABO, A'B'C are the triauglesj 
the point in which A'A, B'B, O'O 
meet; P, Q, R the points in which 
£C, B'C, Ac. meet: FQB is a 
straight line. , 

Let OA = a, OB=P, 00 = y, 
OA' = ma, OB'^nfi, 00'=py, 
then BA = a-p, 

and BR = x{a-p); 

B'A' = ma-n^, 
and B'ti=y{ma-nP), 
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Now BF = BR- B'R gives 

(ti - 1))8 = a;(a - )8) - y (ma - w)3) ; 

- m (n — 1) 
and x = ^ : 

whence OE^OB + BB = B-' ^^'^^^h a--B) 

__ 7i (w — 1) )3 — wi (»— 1) a 

Similarly, pp^P^^-'^^l-^^-^)^ ^ 

p — nh 

And also 

(w- w) (jE>- 1) + ( w-p) (t/i - 1) + (p-m) (n-l)- 0, 
whence (Art, 13) P, ^, 2? are in the same straight line, 

Ex. 2, If a qitadrilateral he divided into two quadrilaterals 
hy any cutting line, the centres of the three shall lie in a straight line. 

Let -PjCj^gPa be the quadrilateral divided into two by the 




line P^Q^* Let the diagonals of PjQjQJP^ meet in R^ ; and so of 



the others : R^, R^, R^ are the centres. 
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Produce PJ^^, Qfi^ to meet in 0, Let unit vectors along 
OP, OQ be denoted hj a, p ; and put 

OP^ = m^a, OP^ = m^a, OP^ = wj^a ; 

then 02?3 = OP, + P^E^ = i»,a + a; (»,j3 - Wja), 

and 0i?3 = O^i + ^^^^3 = w, jS + y (w^a - n^ fi). 

Equating, we have 

Tthi — fttiX = mjif, and njc = 71^-^ n^y ; 

... a;^ K"-^»)^ 

and 02? ^ gyi^m, (n, - n,) a + 7^,n, (w, - ^,) /? 

Similarly, 

^^ ^ m,m3(7^3--7^3)a + n,7^3(y/»,-7y>3)ff 
* m^^ — mj^j ' 

. •. (m,Wi - W3W3) W3«3 0i?3 + (w.w, - W3W3) wi^w^ Oi?i 

And also 

(WiTij - W3W3) W3W3 + (w^n, - WjTi,) m,«j 

4- (m^^ - Wj^j) WjTj^ = 0, 
■whence (Art. 13) i?,, ^3, ^g are in the same straight line. 

CoR. ^1, i?2> Pz '^'^ P^s through provided the coefficients 
of a and ^ in the three vectors have the same proportion, i. e. 
provided 

Ex. 3. If AD, BE, OF he dravm cutting one another at any 
point G witMn a triangle, then FB, BE, EF shall meet the third 
sides of the triangle produced in points which lie in a straight line. 

Also tlie produced sides of the triangle shall he cut harmo- 
nically. 
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If, as in Ex. 6, Art. 7, we put 




we get, as in that example, 

AF : JBF :: n--l : m-1; 

/. BF= • "" — ^(ma + nS), 
m + n-2^ '^^ 

and FD^BD'-BF^ '^"^ A (n^2)a-np}, 

DM= xFDy compared with 



gives 



a; 



(m-l)(n-2) - (m-l)n 



W + 71 — 2 



m + n — 2 



n 



■• 2' = i^' 



and 



BM = BC-MG = 7na- 



n — \ 



n 



71-2 



^. 



Again, FE=FA+AE= ^r {771a - (ttj - 2) m 

m + n — 2 * ^ ^' ' 
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And EL = itFBy compared with 

EL^CL-OE^ya^p, 
m 

BL^ly + m)a = — ^ — s— a- 

Thirdly, BN=i xDE = a; (a + )S), compared with 

jD^V= 5iV- J?Z) = y (ma + wjS) - (w - l)a, 

m - 1 
gives y = 



7/1- w 



and BN = (ttwi + nQ\ 

Now (w-l)(7i-2)5Jf+(w-n)J5ir 

Also' (w-l)(TO-2)+(wi-w)-(wi-2)(7i-l)-0j 
therefore -5Jf, BN^ BL are in a straight line (Art. 13). 

Further, CL^-^^CD, 

m— 2 ' 

BL "^BD; 

/. GL : CD :: BL : BD, 
and jSZ is cut harmonically. 

Ex. 4. The point of intersection of bisectors of the sides of a 
tricmgle from the opposite angles, the point of intersection of per- 
pendicitlars on the sides from the opposite cmgleSf and the point of 
intersection of perpendiculars on tJie sides from their middle points 
lie in a straight line which is trisected by ilie first of these poirUs, 

1*. Let unit vector GB = a, unit vector GA = jff, 
then Ex. 4, Art. 7, ^^ = 3 («« + ^P\ 
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2^ Let AHj BK perpendiculars on the A 

sides intersect in Oy 

tlien HA —h^ — ha. cos (7, 

= 6 (j8 — a cos C), 

Now GO = CA^AOy and also = GB + BO gives 

6)3 + y5()8-aacos(7) = aa + a»(a-)5cos C), 

5 cos (7 - a 




.•. aaj = 



sin»(7 • 



and C(? = -^r-8^{(6-acos(7)a + (a-5cos(7))8}. 

3**. Let perpendiculars from D and E (Ex. 4, Art. 7) meet 
inX, 

then DX is a multiple of 5*^1. 

.-. CX=CI) + I)X=CB + EX gives 

^ aa + V (jS - a cos (7) =^ 5)3 + « (a — )8 cos (7), 



.". v = 



2 

5 — a cos C 
2sin*C7 * 



1 riT^ (a - 5 COS (7) a + (6 — a cos (7) j8 

ana C JC — o » 2/> 9 

2sin*C/ 

.-. 2CX+W- 3(76^ = 0, 

and also 2 + 1-3 = 0, 

,\ X, 0, G are in a straight line. 

Also C0^0G = 2{CG--CX), 

or vector GO = 2 vector XG, 

.\ G0=^2GX, 
and (r trisects XO. 

14, The vector to the mean point of any polygon is the mean 
of the vectors to the angles of the polygon. 
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1^ Let be any point ; then in the figure of Ex. 4, Art. 7 
we have^ calling OA, a, OB, fi and OC, y, 

OG = a + AG = p + BG = y^CG 

= ^{a + l3 + y)+~{AG-^BG-^CG) 

because AG-^BG+CG=^^ (AD + BJS + CF) 

= ^{{AB + AC)-^{BA + BC) + (GA + CB)} 

= 0. 

2\ If OA, OB, 00, OD be a, /?, y, 8, in the figure of Ex. 7, 
Art. 7, we have 

0X= On+ HX^ 0H+ ]- {OF- OH) 

= i(0i?'+0Zr) = l(a + ^ + y + 8). 

3°. In the more general case we may define the mean point in a 
manner analogous to that adopted in mechanics to define the centre 
of inertia of equal masses placed at the angular points of the figure. 
Thus, if we take any rectangular axes OX,OY, and designate by a, /? 
unit vectors parallel to these axes ; and by p^, p^, (fee. the vectors to the 
different points ; and if we write x^^y^'y aj^, y^, &c. for the Cartesian 
co-ordinates of the different points referred to those axes ; and 
define the mean point as the centre of inertia of equal masses 
placed at the angular points ; the Cartesian co-ordinates of that 
point will be 

^_ a?,-fa;,-f... y,-Hy,+ ... 

m ' ^ m ' 

and its vector p = ica + y^. 
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Now p^ = x^a -f y^P, Pa = x^a + yJ3, &g, 

m m m 

= xa + 7/P, 
= p. 

Cor. 1. (p,-p) + (p,-p) + (p8-p) + <fcc = 0, 

i. e. the sum of the vectors of all the points, drawn from the mean 
fioint, = 0. 

The extension of the same theorem to three dimensions is 
obvious. 

Cor. 2. If we have another system of n points whose vectors 
are o-^ , o-^, &c. then the vector to the mean point is 

n 
If now T be the mean point of the whole system, we have 

ni + n ' ' 

or (m + n)T — mp — r^o- = 0, 

hence (13) t, p, o- terminate in a right line j or the general mean 
point is situated on the right line which connects the two partial 
mean points. 

Additional Examples to Chap. II. 

^ 1. If P, Q, R, S be points taken in the sides AB, BG, CD, 
DA of a paraUelogram, so that AP : AB ;: BQ : BC, &c., FQES 
will form a parallelogram. 

"• 2. If the points be taken so that AP = CB, BQ=DS, the 
same is true. 

v' 3. The mean point of FQRS is in both cases the same as that 
of ABCD. 
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4. 11 PQfR'S' be another parallelogram described as in Ex. 1, 
the intersections oiPQ, P'Q^y &c. shall be in the angular points of a 
parallelogram EFGH constructed from PQRS as P'QfRS^ is con- 
structed from ABGD, 

^ 5. The quadrilateral formed by bisecting the sides of a quadri- 
lateral and joining the successive points of bisection is a parallelo- 
gram, with the same mean point, 

J 6. If the same be true of any other equable division such as 
trisectiou; the original quadrilateral is a parallelogram. 

7. If any line pass through the mean point of a number of 
points, the sum of the perpendiculars on this line from the differ- 
ent points, measured in the same direction, is zero. 

' 8. From a point E in the common base AB of the two 
triangles ABC^ ABD, straight lines are drawn parallel to AC , AD, 
meeting BGj BD ntF.G] shew that FG is parallel to CD. 

9. From any point in the base of a triangle, straight lines are 
drawn parallel to the sides: shew that the intersections of the 
diagonals of every parallelogram so formed lie in a straight line. 

10. If the sides of a triangle be produced, the bisectors of the 
external angles meet the opposite sides in three points which lie 
in a straight line. 

11. If straight lines bisect the interior and exterior angles 
at A of the triangle ABC in D and E respectively ; prove that BD, 
BC, BE form an harmonical progression. 

12. The diagonals of a parallelepiped bisect one another. 

13. The mean point of a tetrahedron is the mean point 
of the tetrahedron formed by joining the mean points of the 
triangular faces ; and also those of the edges, 

14. If the figure of Ex. 11, Art. 7 be that of a gauche quad- 
rilateral (a term employed by Chasle^ to signify that the triangles 
AOD^ BOD are not in the same plane), the lines ^P, DO, BS will 
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meet in a point, provided 

AP OS .AQ BE 

15. If througli any point within the triangle ABC^ three 
straight lines MN", PQ, RS be drawn respectively parallel to the 
Bides AB, AC, BG ; then will 

MiV PQ PS 
Ab"" AG'^ BO" 

J\Q, ABGB is a parallelogram; E, the point of bisection of 
AB j prove that -4(7, BE being joined will trisect each other. 

^ 17. ABGB is a parallelogram; PQ any line parallel to BG \ 
PB^ QG meet in S, PA^ QB in i? ; prove that AB is parallel to 
BS. 



CHAPTER III. 



VECTOR MULTIPLICATION AND DIVISION. 



15. We trust we have made the reader understand by what we 
stated in our Introductory Chapter, that, whilst we retain for 
* multiplication' all its old properties, so far as it relates to ordi- 
nary algebraical quantities, we are at liberty to attach to it any 
signification we please when we speak of the multiplication of a 
vector by or into another vector. Of course the interpretation of our 
results will depend on the definition, and may in some points differ 
from the interpretation of the results of multiplication of numerical 
quantities. 

It is necessary to start with one limitation. Whereas in 
Algebra we are accustomed to use at random the phrases * multiply 
by ' and * multiply into ' as tantamount to the same thing, it is now 
impossible to do so. We must select one to the exclusion of the 
other. The phrase selected is ' multiply into' ; thus we shall un- 
derstand that the first written symbol in a sequence is the operator 
on that which follows : in other words that aj3 shall read * a into 
P% and denote a operating on p. 

16, As in the Cartesian Geometry, so 
here we indicate the position of a point in 
space by its relation to three axes, mutually 
at right angles, which we designate the axes 
of Xf y, and z respectively. For graphic 
representation the axes of x and y are 
drawn in the plane of the paper whilst that 
of z being perpendicular to that plane is 
drawn in perspective only. As in ordinary 
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geometry we assume that when vectors measured forwards are 
represented by positive symbols, vectors measured backwards will 
be represented by the corresponding negative symbols. In the 
figure before us, the positive directions are forwa/rdsy upwa/rda 
and outwards ; the corresponding negative directions, backwards^ 
downwa/rds and inwards. 

With respect to vector rotation we assume that, looked at in 
perspective in the figure before us, it is negative when in the 
direction of the motion of the hands of a watch, positive when in 
the contrary direction. In other words, we assume, as is done in 
modem works on Dynamics, that rotation is positive when it 
takes place from y \x> z, z to x^ x to y : negative when it takes 
place in the contrary directions (see Tait^ Art. 65). 

Unit vector^ at right angles to each other. 

17, Definition. If ^, j, h be unit vectors along Ox, Oy^ Oz 
respectively, the result of the multiplication of i into j or ij is 
defined to be the turning of j through a right angle in the plane 
perpendicular to i and in the positive direction ; in other words, 
the operation of i on j turns it round so as to make it coincide 
with k ; and therefore briefly ij = h. 

To be consistent it is requisite to admit that if i instead of 
operating on j had operated on any other unit vector perpendicular 
to i in the plane of yz, it would have turned it through a right angle 
in the same direction, so that iJc can.be nothing else than — j. 
Extending to other unit vectors the definition which we have 
illustrated by referring to % it is evident that j operating on h 
must bring it round to % ov jh = i. 

Again, always remembering that the positive directions of 
rotation are y to «, « to oj, a; to y, we must have hi =j. 

18, As we have stated, we retain in connection with this 
definition the old laws of numerical multiplication, whenever 
numerical quantities are mixed up with vector operations ; thus 
2i,Sj=Qij. Further, there can be no reason whatever, but thcj 
contrary, why the laws of addition and subtraction should undergo 

T. Q. ^ 
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any modification when the operations are subject to this new 
definition ; we must clearly have 

i (j + A;) = t; + ik. 

Finally, as we are to regard the operations of this new de- 
finition as operations of multiplication — magnitude and motion 
of rotation being united in one vector symbol as multiplier, 
just as magnitude and motion of translation were united in 
one vector symbol in the last chapter — we are bound to retain 
all the laws of algebraic multiplication so far as they do not 
give results inconsistent with each other. In no other way can 
the conclusions be made to compare with those deduced from 
the corresponding operations in the previous science. Thus we 
retain what Sir William Hamilton terms the associative law of 
mvZtiplication : the law which assumes that it is indifferent in 
what way operations are grouped, provided the order be not 
changed ; the law which makes it indifferent whether we consider 
abc to be a X 6c or a6 X c. This law is assumed to be applicable to 
multiplication in its new aspect (for example that ijk = ij . k), and 
being assumed it limits the science to certain boundaries, and, 
along with other assumed laws, furnishes the key to the interpreta- 
tion of results. 

The law is by no means a necessary law. Some new forms of 
the science may possibly modify it hereafter. In the meantime 
the assumption of the law fixes the limits of the science. 

The commutative law of multiplication under which order may 
be deranged, which is assumed as the groundwork of common 
algebra (we say assumed advisedly) is now no longer tenable. And 
this being the case it is found that the science of Quaternions 
breaks down one of the barriers imposed by this law and expands 
itself into a new field. 

ij is not equal to ji, it is clearly impossible it should be. 

A simple inspection of the figure, and a moment's consideration 
of the definition, will make this plain. The definition imposes on i 
as an operator on j the duty of turning j through a right angle as 
if by a left-handed turn with a cork-screw handle, thus throwing 
j up from the plane xy ; when, on the other hand, j is the operator 
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and i the vector operated on, a similar left-haaded turn will bring 

i dovm from the plane of xy. In fact ij=h, j{ = — h, and so 

• • •• 

19. We go on to obtain one or two results of the application 
of the associative law. 

1. Since ij = h, we have i,ij = ik = —j. 
Now by the law in question, 

or t*= — 1. 

Our first result is that the square of the unit vector along Ox 
is — 1 ; and as Ox may have any direction whatever, we have, gene- 
rally, the square of a unit vector = — 1, In other words, the 
repetition of the operation of turning through a right angle reverses 
a vector. 

2. Again, ^/^=t^.J/^ = ^.^ = ^* = — 1. 
Similarly it may be proved that 

jU = hij = -'\, 

or no change is produced in the product so long as direct cyclical 
order is maintained. 

3. But ^^' = ^.^* = ^.-^ = — i* = + l j 

. •. ijk = — ikjj 

or a derangement of cyclical order changes the sign of the product. 
This last conclusion is also manifest from Art. 18. 

Vectors generally not at right angles to each other. 

20. We have already (Art. 8) laid down the principle of 
separation of the vector into the product of tensor and unit 
vector ; and we apply this to multiplication by the considerations 
sriven in Art. 18, from which it follows at once that if a be a 
vector along Ox containing a units, P a vector along Oy con- 
taining h units, 

a = ai, j8 = y, and aj8 = a6y. 

3—2 
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In the same way 



S * * 8*9 9 

a = ai . at = ar% = — a , 




or the square of a vector is the square of the corresponding line 
with the negative sign. 

Seeing therefore the facility with which we can introduce 
tensors whenever wanted, we may direct our principal attention, 
as &r as multiplication is concerned, to unit vectors. 

21, We proceed then next to find the product ap, when a 
and p are vectors not at right angles to one another. 

1 . Let a, j8 be unit vectors. 

LetO^-a, 0B = I3. 

Take 0(7= y, a unit vector perpen- 
dicular to OB and in the plane JBOA. 
Take also DO or DO produced = €, a unit 
vector perpendicular to the plane JBOA. 

Draw AM, AN' perpendicular to OB, 
00, and let the angle BOA = 6 ; then 

vector OAz^OM+MA = 0M+ ON (Art. 1) 
= part of OB + part of 00 (Art 3). 

Now it is evident that OM as a line is that part of OB which 
is represented by the multiplier costf, or OM = OB cos 0, and 
similarly that OiV= OC sin 6 : consequently (Art. 3) the same 
applies to them as vectors ; i e. 

vector 0M= j3 cos 6, vector OiV= y sin 6/ ; 

.'. a = j3cos^ + ysin^, 

and aj8 = ()8cos^ + ysin^)/J 

= ^'cos6 + ypBm6. 

But i8' = -l (19.1), 

yi3 = €(17); 

[Observe that y, p and € of the present Article correspond 
to y, i and -k of Art. 17.] 

.*. aj8 = -cosfl + €sinft 
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2. If a, )3 are not unit vecHbrs, but contain Ta and T^ units 

respectively, we have at once, by the principle laid down in 

Art. 20, 

ap = TaTp (-cos e + €sin 6). 

3. It thus appears that the product of two vectors a, P not 
at right angles to each other consists of two distinct parts, a 
numerical quantity and a vector perpendicular to the plane of 
a, p. The formet of these Sir William Hamilton terms the scalar 
part, the latter the vector part. We may now write 

ap==Sap+Vap, 

where S is read scalar, V vector : and we find 

Sap = -TaTpQO^e, 

ral3 = TaTp€sm9. 

4. The coeflGLcient of c in Vafi is the area of the parallelogram 
whose sides are equal and parallel to the lines of which a, ^ are 
the vectors. 

22. To obtain jSa we have, a and /S being unit vectors, 

a = p cos 6 + y sm6 ; 
.-. j8a = ^(^cos^ + ysintf) 
==P'co80 + pyBme 
= -cose-€8mO (Art. 19. 1 and 18); 
therefore generally 

^a^ TaTjg (- cos e - € sin ^). 

« 

It is scarcely necessary to remark that whilst y operating on 
P turns it inwards from OB to BO produced, P operating on y 
turns it outwards from OC to OD, causing it to become - c. 

We have therefore 

1. A^a)8 = /^i3a. 

2. Va^ = - r^a. 

3. a^ + pa ^ 2Sap. 

L ap-pa = 2Vap. . . 
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5. (a + )8)" = (a + i8)(a + j8) 

7. If a, j3 are at right angles to each other^ /Sa^S = 0^ and 
conversely. 

8. Vap is a vector in the direction perpendicular to the 
plane which passes through a, fi. 

9. a'jS" = aj3 . j3a because iS* is a scalar ; 

Note, a*j8* musfc not be confounded with (a)8)'. 

23. Before proceeding further it is desirable we should work 
out a few simple Examples. 

Ex. 1. To express the cosine of an angle of a triangle in terms 
of the sides. 

Lefc ABC be a triangle ; and retaining the usual notation of 
Trigonometry, let 

CB^a, CA=^p; 

then (vector ABf = (a - j8)* 

= a'--2Sap-^P' (22.6), 

or, changing all the signs to pass from vectors to lines (20) and 
applying 21. 3, 

c" = a*-2a6cos(7 + 6«. , 

Ex. 2. To express the relations hetioeen the sides and opposite 
angles of a tria/ngle. 

Let CB = a, CA^P, BA^y. 

Then CB + BA= CA gives 

a + y = A 
.-. a* = a()9-y) = aj3-ay. 

Take the vectors of each side. 
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Now Ta' = 0, for a^ = — a' has no vector part, 

.-. ral3= Fay; 

L e. (21. 3) ah€ sin G = ac€ sin JB, 

or baiaG = c8mB ; 

i.e. b : c :: sinJB : sin (7. 

Ex. 3. The sum of the squa/rea of the diagonals ofaparaln 
Idogram is equal to the sum of the squa/res of the sicles. 

Retaining the notation and figure of Ex. 1^ Art. 7, 

CB=^a + p, 

.-. CJB' -^ DA' =: 2a' + 2^% 
and, changing all the signs, we get (20) for the corresponding 

CJB' + DA' = 2GA' + 2AB' 

= GA'-^AB' + JBD'-hDG'. 

Ex. 4. Parallelograms upon tlie same base and between the 
same parallels are equal. 

It is necessary to remind the reader of what we have already 
stated, that examples such as this are given for illustration only. 
We assume that the area of the parallelogram is the product of 
two adjacent sides and the sine of the contained angle. 

Adopting the figure of Euclid i. 35 and writing TV^a as the 
tensor multiplier of V^a so as to drop the vector c on both sides ; 
we have, calling BA^ a ; BG, p ; 

BE = BA-^AE 
= a + oj/? ; 

,-. V.P{a + xP)=r{BG.BB), 
Le. VPa=V {BG.BE), 
remembering that ajjS* has no vector part. 
Hence T.Vfia^T {BG . BE), 

i. e. BG . BA sin ABG ==BG.BE sin EBG (21. 3), 
which proves the proposition. - ^ 



^^< 
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Ex. 5, On tlie sides AB, AG of a triangle a/re constructed any two 
pardUelograms ABDE, ACFG : ths sides DE^ FG are produced to 
meet in H. Frove that the sum of the a/reas of the parallelograms 
ABDEf AGFG is equal to the anrea of the pa/raMogram whose 
adjacent sides are respectivdy equal andpa/raUd to BG and AH, 

Let BA=^a, AE = p, AG = y, GA=Sy 

then AH=P + xa, and Aff = — B — yy; 

.-. raAH=ral3 and YyAH = -- FyS 

= F8y (22. 2), 
hence ^(a + r) ^^= ^^^ + T^^y, 

i.e. (21. 4), the parallelogram whose sides are parallel and equal to 
BG^ AH, equals the two parallelograms whose sides are parallel 
and equal to BA, AE ; ' GA, AG respectively. 

[The reader is requested to notice that the order GA, AG is the 
same as the order BA, AE, and BAy AH : so that the vector c 
is common to all.] 

Ex. 6. If he any point whatever either in the plane of the 
triangle ABG or out of that plane, the squares of the sides of the 
tria/ngle fall short of th/ree times the squan'es of the distances of the 
a/ngular points from 0, by the square of three times the distance of 
the mean point from 0. 

Let OA=a, OB = p, OG = y, 

then (Art. 14), OG=^^{a + p + y), 

or a' + /3» + y« + 2AS'(aj8 +i8y + ya) = 906^«. 

Now AB = p-a, BG^y-P, (7^=a-y, 

.-. AB' + BG'+GA' = 2{a' + fi'+y')''2S{al3 + Pyhya) 

and the lines 

AB' + BG'+ GA' = 3 {OA' + OB' + OG') - {ZOG)\ 

Ex. 7. The swm of the squares of the distances of any point 
om tlie angular points of the triangle exceeds tlie sum of the 
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squa/res of its distances from the middle points of the sides hy tlte 
swm of the squares of half the sides, 

Ketaining the notation of the last example, and the figure of 
Ex. 4, Art. 7, 

.-. as lines OD" +OI!'-^OF'+ , ^ = 0A'+ OB'-^ 0C\ 

Ex. 8. Ths squares of the sides of any quadrilateral eocceed the 
sqvxjt/ires of the diagonals hy four times the squa/re of the line which 
joins the middle points of the diagonals, 

Eetaining the figure and notation of Ex. 8, Art. 7, we have 
squares of ^ides as vectors 

= a' + 03-a)'+(y-)8)' + y' 

= 2(a' + ^ + y^-2^(ai3 + M 
and squares of diagonals 

= i8» + (y-a)- 

= a" + jS« + /-2A9ay; 
therefore the former sum exceeds the latter by 

o" + j8* + y» - 2>ya)8 - 2>S)8y + 2/Say 
= (a+y-.^/ 

= ^(T^-f)" 

= 4:{0Q- OP)' 

= iPQ'. 

Therefore as lines the same is true. 

Note, The points A, B, Cy D may be in diflferent planes. 
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Ex. 9. Fofwr times the sqitares of the diatcmcea of any point whaJtr- 
ever from the angtda/r points of a quadrilateral a/re equal to the sum 
of the squa/res of the sides, the squares of the diagonals ami the 
sqvxjt/re offowr times the dista/nce of the point from the rnean point of 
the figure. 

With the notation of Art. 14, and the figure of Ex. 7, Art. 7, 
we have 

squares of the sides + squares of the diagonals 

= 3(o* + j8» + y*+8»)-2AS'(aj8 + ay+a8 + j8y + i38+y8). 

Now (Art. 14) (a + j8 + y + 8)" = (WX)' ; 

.'. (WXy + squares of sides + squares of diagonals 
= 4: {OA' + OB' + OC + OD'). 

Ex. 10. The lines which join the msan points of three equila- 
teral tria/agles described outwards on the three sides of any triangle 
form an equikUeral triangle whose m^an point is the sa/me as that of 
the given triangle. 

Let /*, Qf R be the mean points of the equilateral triangles on 
BC, GA, AB ; Pi>= a, DG=p, GE = y, EQ = h', and let the sides 
of the triangle ABG be 2a, 25, 2c. 




•. P$' = (a + j8 + y + 8)" 

= a« + j8' + y»+ 8'+ 2AS'aj8+ 2Say + 2ASa8 

+ 2SPy + 2^j88 + 2SyK 
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Gbanging all the signs and observing that 

Sap = 0, Say = — a5 sin (7, <fec. 
we have (writing the results in tlie same order), 

linePe* = ^ + a« + 5« + ^+0 

2 2 2 

+ -7sa6sinC+o«Jcos C— 2ab cosC+—-^ ahainC+0 
J6 6 ^6 

4 4 

= ^(a*+6'-a6cos(7)+ -7«a6sin(7 

= I (a»+ 5« + c«) + -|- area oi ABC, 

wMch being symmetrical in a, 6, c proves that FQE is equilateral. 
Again, G being the mean point of ABC, 

o o 

B' 4v" 2 4 4 

.-. P^« = a' + &^+^ + |^a)3+|^ay + |^)3y, 

a' a' 46' 4 4 

and line FG'= -o + -tt + "TT + ir—r^ c^ ehi G --xob coa G 

o V \f o fJ6 y 

= |(a' + 6« + c«)+^area^J?(7i 

.-. FG==QG = BG; 
and ff is the mean point of the equilateral triangle FQE. 

Ex. 11. In any qtmdrilateral prism, the sum 
of the squares of the edges exceeds the sum of the 
squares of the diagonals by eight times the squan^e 
of the straight line which joins the points of inter- 
section of the tvH) pairs of diagonals. 

Let OA = a, OB = p, 0(7 = y, Oi> = 8; 
sum of squares of edges » 

2{a» + /3«+(y-a)' + (y-/J)' + 28'} 

= 2 {2a» + 2/3« + 2y' + 28» - 2Say - 2SPy}, 
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sum of squares of diagonals 

= (8 + y)' + (8-7)'+(8 + a-i8)' + (8 + )8-a)' 
= 2 {o* + /3' + y* + 28* - 2Sap}. 

Also l0G = l{S + y) 

= vector to the point of bisection of 
CD, and therefore to the point of intersection of OG, CD, 
and vector from to the point of bisection oi AF, as also to that 
of BE, and therefore to the intersection of AF, BE 

= |(8+« + )8), 
hence vector which joins the points of intersection of diagonals 

eight times square of this vector 

which, added to the sum of the squares of the diagonals, makes up 
the sum of the squares of the edges. 

R 
24, Definition. "We define the quotient or fraction -, where 

a and P are unit vectors, to be such that when it operates on ait 

produces j8 or - . a = )S. This form of the definition enables us to 

strike out a by a dash made in the direction of ordinary writing, 

thus — . a = )8, - is therefore that multiplier which, operating on a, 

or on j3 cos ^ + y sin (21), produces j8. 

Now cos + €amO operating on j8 cos d + y sin produces 
P cos' + (y + €)8) sin^ cos tf + cy sin' 0. 

But a glance at the figure (Art. 21) will shew that 

c^ = -y, 
and €y = i^ j 
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.*. COS O + ednO ojperating on )8 cos tf + y sin 6 produces j8 ; 

R 

hence — =» cos d + c sin 0, 

a 

It may be worth while to exhibit another demonstration of 

this proposition : thus 

R 

- .aP = ^,p (by the associative law) = — 1 . (19 . 1). 

i.e. (21.1) ^ . (- cos « + csin (9) = - 1. 

Now (cos d + € sin 5) ( — cos 5 + € sin 6)' 

«8 - cos' - sin' 

= -1; 



,\ — = cos d + csin tf. 
a 



P 



Cor. ^ = - /Ja (by 22). 

^5. 1. Definition. Still retaining a, p as unit vectors, since 

- operating on a causes it to become )8, it may be defined as a versor 
a 

acting as if its axis were along OD (Fig. Art. 21). By comparing the 

result of that article with the definitions of Ai-t.17, it is clear that 

R 

— or cos 6 + € sin ^ is an operator of the same character as — ^ or c 

(as we have now called the corresponding unit vector) ; with this 
difference only, that whereas —k or c as an operator would turn a 
through a right angle, cos + € sin 6 turns it, in the same direction, 
only through the angle : cos ^ + c sin d is then the versor through 
the angle 0, 

2. If a, P are not unit vectors, the considerations ali*eady 
advanced render it evident that 

1 =-f-(cos5 + csmtf). 

TB 
Now 7^7- is itself of the nature of a tensor, for it is a numerical 
la 

R 
quantity, hence - is the product of a tensor and a versoi*. 
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26* ^y comparing the last Article with Art. 22 it appears 
that generally the product or quotient of two vectors may be 
expressed as the product of a tensor and a Terser. This product 
Sir W. Hamilton names a Quaternion. 

Cob. It is evident that a quaternion is also the sum of a 
scalar and a vector. 

27. (1) I^ *> Pi 7 ^^^ '^"^^^ vectors in the same plane, c a 
unit vector perpendicular to that plane ; we 

have seen that - operating on a turns it 

a 

round about c as an axis to biing it into the 

position 13, If now ^ be a second operator 

about the same axis in the same direction 

acting on )8, it will bring it into the position y. But it is evident 

that - acting on a would at once have brought it into the posi- 
a 

y 8 y 
tion y. This i« equivalent to the fact that ^ . - = - ; or in an- 
other form (Art. 24) that 

(cos <^ + € sin ^) (cos ^ + c sin ^) = cos (0+ ^) + c sin (^ + if}). 

From this it is evident that the results of Demoivre's Theorem 
apply to the form cos d + c sin 6, 

Further, it is evident that since cos O+eainO operating with e 
as its axis, turns a vector through the angle 0, whilst c itself acting 
in the same direction ttims it through a right angle, cos + € sin 
is part of the operation designated by c, viz. that part which bears 
to the whole the proportion that bears to a right angle. 

(2) Kemembering then that the operations are of the nature 

of multiplication, it becomes evident that cos + € sin ^ as an 



operator may be abbreviated by €^ or c'^. 

And since . 
(cos 0+€sm0) (cos^ + € sin <^) = cos (d + ^) + c sin (d + <f>), 
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we shall have 

or the law of indices is applicable to this operator. 

(3) Now we have already seen (19. 1) that €* = -!; 

.-. €* = + !. 

Conversely, if c* = ± c, ti must be an odd number ; if c" = — 1, 
n must be an odd multiple of 2 ; and if c" = + 1, n must be an even 
multiple of 2. 

(4) When a, P are not units, the introduction of the corre- 
sponding tensor can be at once effected. 

We conclude that a quaternion may be expressed as the power 
of a vector, to which the algebraic definition of an index is 
applicable. 

28. Reciprocals of quaternions — ^unit vectors. 

1. Since a . a = a' = — 1, 

and ' -.a = l (De£ Art. 24) 

= — a. a; 

1 
.•.- = — a, or a = — a; 

a 

or the reciprocal of a unit vector is a unit vector in the opposite 
direction. 

2. Again, a.- = a(— a) = l= — .a: 

° a V ' a 

or a vector is commutative with its reciprocal. 

3. If 2' be a versor f say cos d + € sin 5, or - j , 

-,q = \ (Def. extended). 

Now =^i 

a 

.'. p = qa, by operating on «u 
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Also 



a 1 



a = - )8, by operating on )8, 

and P = q^--^'-P'> 

111 

1 
or a and - are commutative. 

This is perhaps better demonstrated by observing that 



ITT ' 



or that if - = cos ^ + c sin d, 

then must 7i = cosd — csin tf : 

P 

factors which are from their very nature commutative. 

When the versors are not units the tensors can be introduced 
as mere multipliers without affecting the versor conclusions. 

29, We present one or two examples of quaternion division. 

Ex. 1. To express 8in{0 + <f>) and cas{0 + <f>) in terms of sines 
and cosines o/6 and <^. 

a, )8, y being unit vectors in the same plane (Fig. Art. 27), we 
have 

^ = cos d + c sin tf, 
a 

^ = COS <^ + € sin ^, 

- = cos(5 + ^) + € sin(tf + ^). 
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But 5'=|.^. 

a pa 
.'. cos (d + <^) + € sin (^ + <^) = (cos O + esmff) (cos <^ + c sin ^) ; 
whence multiplying out and equating, we have 

sin (^ + <^) = sin ^ cos <^ + cos sin <^, 
cos (^ + <^) = cos ^ cos <^ - sin sin <^. 

Cor. If the action of the versors be in opposite directions, 
fi lying beyond y, we have (Art. 28) 

- = cos (^ — <^) — € sin {$ - <l>). 

But - = cos <^ + € sin ff>, 

7 

vj = cos ^ — € sin ; 

H 

a a B . 
.-. - =o'- gives 
7 P 7 
cos(^-<^)-€sin(^-<^) = (cos5-€sin^)(cos<^ + €sin<^), 

whence sin {6 — <f)) = sin cos <^ — cos sin <^, 

cos (^ - <^) = cos ^ cos <^ + sin ^ sin <^. 

Ex. 2. To find the cosine of tlie angle of a splierical triangle 
in terms of the sides. 

Let a, )8, y be unit vectors OA, OB, OC not in the same 
plane, then 

y a'y' 
i. e. taking the scalars of each side, 

cos a = cos c cos 6 + aS^. ( V- . F- ) . 

Now SV- V- is sin c sin 6 X cosine of the angle between 
a y 

perpendiculars to the planes AB, AG, and is therefore 

sin 6 sin c cos A ; 
.*. cos a = cos c cos 6 + sin c sin 6 cos -4. 

T. Q. * 
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The reader will observe that in accordance with the results of 
Art. 21, the sign of the term involving cos Aia+y seeing that it is 
in fact — cosine (supplement of A). 

Ex. 3. The angles of a triangle are together equal to two right 
angles. 

What we shall prove in fact is that the exterior angles formed 
by producing the sides in the same direction are equal to four 
light angles. 

Let unit vectors along BCy CA, AB be a, j8, y ; and let the 
exterior angles formed by producing j5(7, CA, AB be 0, <f>, \[/ ; 
then 

€-a = P (27. 1), 

2^ 

c''y = a; 

2^ 2^ 29 2^ 

and c^ . €' . €'»"a = €»y = a, 

V 2^ 29 
SO that €"".€"•.€«' = 1, 

>^*^^^ = 1(27.2). 

2 
Hence (27. 3), - (d + <^ + ^) is an even multiple of 2. The 

first value is 4 ; 

.-. 5 + <^ + l/r = 27r, 

or the exterior angles of a triangle are equal to four right angles. 

It will be seen that the demonstration here given is of the 
nature of that given by Prof. Thomson in the Notes to his Euclid. 
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Ex. 4, In the figwre of Euclid i. 47 the three lines AL, BK, 
CF meet in a point. 

Let BG = a, GA = P, AB = y; the sides being as usual denoted 
by a, b, c. 

Let i be the vector wHcIl turns anotlier negatively through a 
right angle in the plane of the paper, so that 

BD = ia, GK=ip, AG = iy. 
If BK, AL meet in 0, 

BO = xBK=x{a + ip), 
and BO = BA + AO = BA-{-yBD 

.'. a5(a + ij5) = — y + yio, 
xSa (a + t)S) = — /Say, 



_^iy_ _ 



O/CQO^B 



JSa{a + ifi) a' + a6sin(7 

and xSap^ySiaP; 

_h he 

which being symmetrical in h and o shews that GF^ AL intersect 
in the same point in which BK^ AL intersect. 

Cob. Since 



we have 



also 



BK a' + bc' 

GO _ y 

GF a^ + hc' 

AG _ he ^ 
BI)~a' + bc' 

AG BO GO c' + h* + hc 
BD'^M'^GF" a'-^-bo " 



4— ^ 
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Ex. 5. Jf ABCD he a quadrilateral inscribed in, a circle ; 

. TaTpTy . 
then apy = j^ 6. 

Let unit vectors along AB, BC, CD, DA be a\ jS', y, ^ ; and 
let the exterior angles at B and Dhe and if> respectively ; then 

a'/3y = (- cos d + € sin 6) / (21. 1) 

= (cos <^ + € sin <^) y 

= 8' (25. 1); 

therefore, introducing the tensors, 



TaTpTy 



Conjugate Quaternions. 

30, If wo designate by q the expression - cos tf + c sin 0, we 
have seen that it may be regarded as a versor through an angle 
in a certain direction. Kow if we write - d in place of ^ in this 
expression it assumes the form — cos -€ sin 0, which must on 
the same hypotheses be regarded a versor through the angle in 
the contrary direction. 

When the quaternion is completed by the introduction of a 
tensor Tq, if we retain the same tensor to both forms of the 
versor, we have Sir W.' Hamilton's conjugate quaternion defined 
thus : The conjugate of a quaternion q, written Kq, has the same 
tensor, plane and angle as q has, only the angle is taken in the 
reverse way. 

The analogy between q and Kq is precisely the same as that 
which exists between the two forms 

i?(cos<^ + ^-l sin<^) and i? (cos <^ - ^- 1 sin ^) ; 

and as the product of the latter form is B% so the multiplication 
of the former produces {Tqy, 
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If we pufc qz=Sq-{' Vq, 

we shall have Kq = Sq^ Vq, 

and g^q = i^q)' + (TVqY, 

for (rqy = -{Trq)% Art. 20. 

It is almost self-evident that, since the change of order of 
mnltiplication of two vectors produces no other change than that 
of the sign of the vector part of the product (22), 

K{qr)=KrKq, 

q and r occurring in a changed order. 

The foUowing is a demonstration. 

I^et q = Tq(- cos -^ a sin 0), 

r = Tr (- cos <^ + )3 sin <^), 
a and ^ being unit vectors ; then 

qr = TqTr (cos cos <^ - a sin cos ^ - j3 cos sin ^ 

+ a)8 sin 9 sin if>), 

KrKq = TqTr (— cos ^ — )S sin <^) (— cos tf — a sin <fi) 

= TqTr (cos d cos <^ + a sin cos <^ + )3 cos sin <^ 

+ )3a sin sin ^). 

Now observing that )8a has the same scalar part with aj3, but 
the vector part with a contrary sign, we see that the two ex- 
pressions for qr and for KrKq likewise have the same scalar 
part, but that their vector parts have contrary signs. 

Hence K{qr)=KrKq, 

(See Tait, § 79 et sq.) 

31, We propose, in this Article, to give and interpret one or 
two formulae, relating to three or more vectors, which are indis- 
pensable to our progress, reserving to a separate Chapter the 
demonstration and application of other formulae, the value of 
which the reader can hardly as yet be expected to understand. 
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1. To express S, apy geometricallj. 

First suppose a, )3, y to be xmit vectors 0-4, OBj OC. 

Let AOB = 0, and the angle which OC makes with the plane 
A OB = <^ j then since 

a)3 = -cosfl + 68infl (Art. 21), 

where c is perpendicular to the plane AOB^ 

S . a)8y = S{-oos0 + €miff)y 
= Sey sin 6. 

Now Sey = — cos . angle between c and y 

= — sin . angle between plane AOB 

and 00 
= — sin if} ; 

.*. S, afiy = — sin ^ sin fl. 0- 

Next if a, )3, y are not units, but have re- 
spectively the lengths To, T)8, Ty, or a> 5, c; 
we shall have 

S . a)Sy = — abc sin sin <^. 

But ah sin is the area of the parallelogram of which the 
adjacent sides are a, h ; and c sin ^ is the perpendicular from on 
the plane of the parallelogram ; 

.'. - S, afiy = a6 sin tf . c sin <^ 

= volume of parallelepiped of which three con- 
terminous edges are OA, OB, OG. 

2. From the nature of the case, no change of order amongst 
the vectors a, )3, y can make any change in the value (apart from 
the sign) of the scalar of the product of the three vectors ; for it 
will in every case produce the volume of the same parallelepiped. 

.-. /S'. aj5y = ±/S.ya)8 = ±/S'.ay)8, &c. 

CoR. 1. The volume of the triangular pyramid, of which OA^ 

OB, 00 are conterminous edges is - ^ aS , a)8y. 
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Cor. 2. If a, j8, y are in the same plane, <^ = ; 

Conversely, if S. a)8y = 0, none of tlie vectors a, p, y being 
themselves 0, we must have either fi = 0or^ = 0j hence in either 
case the three vectors are co-planar. 

3. Since Fa)S=y (21. 3), a vector perpendicular to the plane 
OAB (Fig. of formula 2); Fj8y = a', a vector perpendicular to 
the plane 0£G ; and since y', a' are both perpendicular to OBf 
the line along which is the vector fi ; OB is perpendicular to the 
plane which passes through y, a\ and therefore (21. 3) is in the 
direction of Fy V ; hence 

F(Faj8F/?y) = Vy'a: = mp, 
or the vector of the product of two resultant vectors, one of the 
constituents of each of which is the same vector, is a multiple of 
that vector. 

4. If OA^a, 0B = l3y OD = S, 0I! = €; and if the planes 
OAB, ODE intersect in OP ; it follows, as in (3), that, Vap and 
FSc being both perpendicular to OF, 

F(Fa)8FS€) is along OF and is therefore = nOF. 

5. Connection between tlie representation of the position of a 
point by a vector and its representation by Ca/rtesia/n co-ordinates. 

If oj, y, z be the perpendicular distances of a point F in space 
from the planes of yz, zxy xy respectively (fig. of Art. 16) ; ijj,h 
unit vectors in the directions of x, y, z; then xi is the vector of 
which the line is x (Art. 3); consequently OM along Ox, MN 
parallel to Oy and NF parallel to Oz, being x, y, z as co-ordinates, 
they are xi, yj, zk as vectors, 

Now vector OF = 0M+ MN+ NF, 

and is therefore p=xi + yj + zk. 

The same method of representation is evidently applicable 
when the planes of reference are not mutually at right angles. 
If X, y, z be the co-ordinates of F referred to oblique co-ordinates j 
a, p, y unit vectors parallel respectively to x, y, z; then 

vector OF = xa + yP4- zy. 
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Cor. "When x; y, z are at right angles to one another 

p := xi + yj ■{■ zk 
gives Sip = -Xf '^*P = --y> Skp=--z; 

.\ {Sipy+{Sjp)'+{Skpy:=x'-\-y'-\-^ 

= 01^. 

Ex.. To find the volume of the pyramid of which the vertex is 
a given point and the hose the triangle form>ed hy joining three 
given points in the rectangular co-ordinate cuces. 

Let Ay B, C be the three given points ; 

]meOA=a, OB=h, OC = c; 
X, y, z the co-ordinates of the given point P, 
then vector OA = ai, OB = hj, 00 = ck; 

and OF = xi + yj + zk'y 

.-. FA = OA'-OP = ^{{x-a)i + yj+zk}, 
FB = -{ad-h(y-b)j + zk}, 

P(7 = -{aJ^ + 2(/+ {z-c)k}. 
Now the volume of the pyramid FABG is 

^^S{FA.FB,FC) (31. 2. Cor. 1) 

= — ^ /?. {(05 - a) i + yj-^-zk] {ici + (y - ^j-^-zk} {xi + yh + {z- c) k]. 

Multiplying out and observing that only terms which involve 
all of the three vectors i, j, k produce a scalar in the product, 
we get 

(+ or -) Yol. = - ^ {(aJ — a) (&« + cy — he) — cxy - hxz] 



1 j,(%|+?_i). 

6 \a c / 



The sign of the result will of course depend on the position 
of P. 
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Additional Examples to Chap. III. 

1. If in the figure of EucHd l 47 DF, GH, KE be joined, 
the sum of the squares of the joining lines is three times the sum 
of the squares of the sides of the triangle. 

The same is true whatever be the angle A. 

2. Prove that 

4.AB^ (Art 7, Ex. 4) = 2 {AB" + AC')'- BG\ 

3. If P, Qy By S be points in the sides A£, BG, GB, DA of 
a rectangle, such that PQ = RS, prove that 

AR'-^GS^^^AQ^+GP". 

4. The sum of the sqxiares of the three sides of a triangle is 
equal to three times the sum of the squares of the lines drawn 
from the angles to the mean point of the triangle. 

5. In any quadrilateral, the product of the two diagonals and 
the cosine of their contained angle is equal to the sum or difference 
of the two corresponding products for the pairs of opposite sides. 

6. If a, h, c bef three conterminous edges of a rectangular 
parallelepiped ; prove that four times the square of the area of 
the triangle which joins their extremities is 

= aV + 6 V + c V. 

7. If two pairs of opposite edges of a tetrahedron be respect- 
ively at right angles, the third pair will be also at right angles. 

8. Given that each edge of a tetrahedron is equal to the edge 
opposite to it. Prove that the lines which join the points of 
bisection of opposite edges are at right angles to those edges. 

9. If fix)m the vertex of a tetrahedron OABG the straight 
line CD be drawn to the base making equal angles with the 
feces GAB, GAG, GBG ; prove that the triangles GAB, GAG, OBG 
are to one another as the triangles BAB, BAGy BBG. 



CHAPTER IV. 



THE STRAIGHT LIKE AND PLANK 
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32. Equations of a straight Una 

1. Let j3 be a vector (unit or otherwise) parallel to or along 
the straight line; a the vector to a given 
point A in the line, p that to any point what- 
ever F in the line, starting from the same 
origin ; then AF is a vector parallel to /8 

= xP, say, 
and OF = OA + AF 

gives p^a-k-xP (1) 

as the equation of the line. 

2. Another form in which the equation of a straight line 
may be expressed is this : let OA = a, OB = ^ be the vectors to 
two given points in the Hne ; then 

AB = P-a and AF^x{P-a)] 

.-. /5«a + a:()8-a) (2). 

Of course the P of No. 2 is not that of No. 1. The first form 
of the equation supposes the direction of the line and the position 
of one point in it to be given, the second form supposes two points 
in it to be given. 

3. A third form may be exhibited in which the perpendicular 
on tlfe line from the origin is given. 
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Let QJD perpendicular to ^P =« 8 ; then 

DF^p-8 and JSS(p-S)^0, 

because 02) is perpendicular to AF (22. 7) ; 

i.e. SSp=^C (3), 
where (7 is a constant. 

{^ate. In addition to this we must have the equation of the 
plane of the paper, in which p is tacitly supposed to lie. This 
may be written as Sep =* 0.) 

33. Equation of a plane. 

Let P be any point in the plane, OD perpendicular to the 
plane ; and let 

then ^-8="©^ ^"^ 

wHch is in a direction perpendicular to Oi> ; 

.-. ^8(p-8) = 0, 
or /SSpasS', 

or Stu.1. 

-- 

Cor. 1. If SSp = C be the equation of a plane, 8 is a vector 
in the direction perpendicular to the plane. 

CoR. 2. If the plane pass through 0, p can have the value zero, 

.*. JSBp = is the equation. 

CoR 3. Since a vector can be drawn in the plane through D, 
parallel to any given vector in or parallel to the plane ; if )3 be 
any vector in or parallel to the plane, SB^ « 0. 

34. ^e proceed to exhibit certain modifications of the equa- 
tions of a straight line and plane, and one or two results imme- 
diately deducible from the forms of those equations. 

1. To find the equation of a straight line which is perpen- 
dicular to each of two given straight lines. 

Let )3, y be vectors from a given point A in the required line, 
and parallel respectively to the given lines. 
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K OA = a as before, then since (22. 8) VPy is a vector along 
the line whose equation is required ; we have 

or p-a-k-xVPyy 
as the equation of the line. 

2. To find the length of the perpendicular from the origin on 
a given line. 

Equation (1) of Art. 32 is 

p = a + xp, 

Ifnow p=.OD=^B; 

we get Sh'^^SSa, 

or -Oiy=S^; 

US being the unit vector perpendicular to the line. 
Cor. The same result is true of a plane. 

3. To find the length of the perpendicular from a given point 
on a given plane. 

Let Sap = C be the equation of the plane, y the vector to the 
given point. 

Then if the vector perpendicular be xa (33. Cor. 1), 

p = y + xa 

gives iSay + xa' = C, 

and the vector perpendicular is 

aa = - a"* (C ~ Say) ; 

the square of which with a — sign is the square of the perpendi- 
cular. 

4. To find the length of the common perpendicular to each 
of two given straight lines. 
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Let /?, j3j be unit vectors along the lines; a, a^ vectors to 
given points in the lines ; 

p = a + x^, 

P, =• S + ^A> 
the vectors to the extremities of the common perpendicular 8. 

Then since 8 is perpendicular to both lines, it is perjpendicular 
to the plane which passes through two straight lines drawn pa- 
rallel to them through a given point; 

.-. (21.3)8 = 2/7)8^3,. 

But 8 = /5-pi = a + aj)8-aj-a;j^„ 

hence S .hpi3^ = S .(a-a^) Pfi^; 

because SVfiP.Spp, = ; 

whence 8 = y7/8j8i is known. 

5. To find the equation of a plane which passes through three 
given points. 

Let a, )8, y be the vectors of the points. 

Then p — Oy a — )8, ^ — y are in the same plane. 

.-. (Art. 31. 2. Cor. 2) /S'. (p-a)(a-)8) 08-7) = O, 
or Sp (VaP + ypy + Vya)-~S. a)8y = 

is the equation required. 

Cor. VaP + VPy + Yya is a vector in the direction perpen- 
dicular to the plane; therefore (No. 3) the perpendicular vector 

&om the origin 

= S.al3y. {Yap + V^y + rya)-\ 

6. To find the equation of a plane which shall pass through 
a given point and be parallel to each of two given straight lines. 



62 QUATERNIONS. [CHAP. IV. 

Let y be the vector to the given point, p = a + x/S, p = a^-\- x^P^ 
the lines ; then if lines be drawn in the required plane parallel to 
each of the given straight lines — these lines as vectors will be 
/8, P^ : also p — y is a vector line in the plane ; 

.-. S.pp^(p-y) = (31. 2. Cor. 2), 
which is the equation required. 

7. To find the equation of a plane which shall pass through 
tn&'o given points and be perpendicular to a given plane. 

Let a, )8 be the vectors to the given points, SZp = the equa- 
tion of the plane ; then the t|^ree lines p — a, a — )8, 8 are vectors 
in the plane ; 

or JS.p{a-P)S'^S.al3S = 0. 

8. To find the condition that /our points shall he in the same 
plane, 

1. Let OA, OB, OC, OD or a, P, y, 8 be the vectors to the 
four points ; then 8-a, 8 — )8, 8 — y are vectors in the same plane ; 

... ;S^.(8-a)(8-i8)(8-v) = (31. 2. Cor.' 2), 
or S.ZPy-^S.ahy + S .a^h^S.aPy (1). 

2. Another form of the condition is to be obtained by as- 
suming that 

ciS + cy + 6yff + aa-0 (2), 

and substituting in equation (1) the value of 8 deduced from 
this equation. The result is 

or a + 6 + c + c? = (3). 

Equation (1), or the concurrence of equations (2) and (3) is the 
condition necessary and sufficient for coplanarity. 

9. To find the line of intersection of two planes through the 
origin. 
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Let Sap = 0, SPp = be the planes. 

Since every line in the one plane is perpendicular to a ; and 
every line in the other perpendicular to j3 ; the line required is 
perpendicular to both a and j3, and is therefore parallel to Vafi, 
or p s xVafi is the equation. 

10. The equation of the plane which passes through and 
the line of intersection of the planes Sap — a, S^p = & is 

Sp(aP-ha) = 0. 

For 1° it is a plane through 0; 2® if p be such that Sap = a, 
then must Sfip = h, 

11. To find the equation of the line of intersection of two 
planes. 

Let p = ma + wjS + a; Fa/8 

be the equation required. 

Then Sap = ma* + nSafi, 

t^ince Vafi is perpendicular to a, and similarly 

Spp==mSaP + nP'; 

aSaP-ha * _ aSaP-W 
^"{SaPy-a'P'" {Vapy ' 

35, We oflfer a few simple examples. 

Ex. 1. To find the locus of the middle points of aU straight 
lines which a/re terminated hy two given straight lines. 

Let APi BQ be the two given straight 
lines, unit vectors parallel to which are P,y'y 
AB the line which is perpendicular to both 
AP, BQ. 

Let be the middle point of AB ; vector 
OA = a; B the middle point of any line FQ, 
vector OB = p ; then 




64 QUATERNIONS. [CHAP. IT. 

OP = p^RP = a + xP, 
0Q = p + EQ ^-a + yy. 

But EP + EQ^O'j 

.-. 2p=xP'\-yy; 

hence, since Sa/3 = 0, Say = 0, 

Sap = is the equation required ; and the locus is a plane passing 
through (33. Cor. 2), and perpendicular to OA (33. Cor. 1). 

Note that, if )8 II y, we have simply 

2p = a/p; 

and, as there is now but one scalar indeterminate, the locus is a 
straight line instead of a plane. 

Ex. 2. Planes cut off, from the three rectangular co-ordinate 
oases, pyramids of equal volume, to find the locus of the feet ofper- 
pendicidars on them from the origin. 

Here the axes are given, so that i, j, k are known unit vectors. 

Let ai, hj, ck be the portions cut off from the axes by a plane, 
the perpendicular on which from the origin is p. 

Then p - a* is perpendicular to p ; 

.*. Sp(p-ai) = 0, 
or p' = aSip, 

Similarly, p' = hSjpy 

p' = cSIcp, 

Hence p' = a^c Sip Sjp SIcp 

= GSipSjpShp, 
since ahc is by the problem constant. 

If X, y, z be the co-ordinates of p this equation gives at once 

(«« + y* + «")' = (7a:y« 
as the equation reqidred. 
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Ex. 3. To find the locus of the middle points of straight Unes 
terminated hy two given straight lines and ail parallel to a given 
plane. 

Betainiiig the figure and notation of Ex. 1, let 8 be the vector 
perpendicular to the given plane : we have 

2QP=2a + xl3'-f/y, 

Now SBQF=0 (33. Cor. 3); 

.-. SS{2a + xp-yy) = 0; 

_ 2Sa8 SpB 
'"• ^" JSy8 '^^JSyS' 

, ^ ' 2SaS SPB 

and 2p = a:/3 + -p-y + aj^y 

= ay + a; (/J + 6y), 

where = *^-^, 1> = -J-^ are constants; (/SyS for instance is the 

negative of the cosine of the angle between one of the given lines 
and the perpendicular to the given plane). 

Now P + hy is a known vector lying between jB and y ; call it 
€, and 2p = ay + X€ is the equation required ; which is that of a 
straight Hne, not generally passing through (32. 1). 

Ex. 4. OAf OB are two fixed lines, which are cut hy lines 
AJB, A'B' so that the area AOB is constant; and also the prodiLct 
OAy OA' constant. It is required to find the locus of the intersec- 
tions ofAB, A'B'. 

Let the unit vectors along OA^ OB be a, ^ respectively. 

OA = wio, OA' — m'oLy 
OB^nPy OB' = n'P; 
then the conditions of the problem are 

mn=»m'n'=Cy 



mm =(V. 



T. Q. 
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Now if ABy A'B intersect in P, and OF = p, we have 

= 7iia + a;(n)8-froa), 



or p^ma + x 



p = m a + 35 



,/o 



{^,fi-m'a); 



.'. m — 057/1 = m' — a/m', 



35 03' 



m m 



/ > 



m 



X — 



m + m 



rnr 



!-.« = 



and D = 



wi 



7» +a 






(aa + C)8), 



and the locns required is a straight line, the diagonal of the 
parallelogram whose sides are aa, (7)3. 

Ex. 5. To ^yS/ic? <Ae ZocM« of a point such that the ratio of Us 
distances /rom a given point and a given straight line is constant — 
all in one plane. 

Let S be the given point, DQ the given 
straight line, SP=ePQ the given relation. 

Let vector /S'Z) = a, SP = p, DQ = yy^ 
y being the unit vector along JDQ, 

FQ = xa; 
then Tp = eT{FQ), 
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gives p* = e'FQ', where FQ is a vector, 

= e' (xay 



9 9 9 

= ex a . 



But p + xa = SQ = JSD + I)Q 

. •. Sap + xa^ — a*, for AS'ay = ; 

and fic'a* = (a' — Sapf ; 

hence a*p' = e* (a* — ASap)', 

a surface of the second order, whose intersection with the 
plane S. ayp = is the required locus. 

Ex. 6. The same problem when the points and line are not in 
the same plane. 

Retaining the same figure and notation, we see that PQ is no 
longer a multiple of a ] but 

PQ = SQ-SP 

= a + yy-p] 
,\ p* = e\a + yy-p)\ 
and because PQ is perpendicular to DQ 

Sy{a + yy-p) = 0; 

••• {yy'y i- ©•) - y = 'Syp, 
and p' = e' (a - ySyp — p)', 

a surface of the second order. 

Cor. If e « 1, and the surface be cut by a plane perpendicular 
ix) DQ whose equation is Syp = c, the equation of the section is 

another plane, so that the section is a straight line. 

Ex. 7. To find the locus of the middle points of lines of given 
length terminated by each of two given straight lines. 
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Retaining the figure and notation of Ex. 1, and calling RP c, 

we have 

2p = xp + yy (1), 

and 2RP = RP'-RQ=2a + xP'-yy (2). 

From equation (1) we have 

Sap = (22. 7), 

because )8 is a unit vector, 

2Syp = xSpy-y. 

The first of these three equations shews that p lies in a plane 
through perpendicular to AB (33. Cor. 2). 

The second and third equations give 

2(Syp + SpySpp) 

y- {spyy-i ' 

Now (2) gives, by squaring, 

- 4c' = 4a» + ic»)8» + y V - 2xySPy, 

in which, if the values of x and y just obtained be substituted, 
there results an equation of the second order in p. 

Hence the locus required is a plane curve of the second order, 
or a conic section, which by the very nature of the problem must 
be finite in extent and therefore an ellipse. 

Ex. 8. If a plane he drawn through the points of bisection of 
two opposite edges of a tetrahedron it mil bisect the tetrahedron. 

Let Dy E be the middle points of OB, 
AC : DFEG the cutting plane : OA, OB, 
00 = 0, P) y respectively. 

OG^my, AF = n{P-'a), 

The portion ODGEA consists of three 
tetrahedra whose common vertex is 0, and 
bases the triangles AEF, EFG, FGD, 

Now OE=-^{y + a), 
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OD = \p, 

and 6 times the volume cut off 

1 

+ S. ^(a + y) my {a-^- n {P - a)} 

+ S.{a+n(P-a)}my ^/S (31. 2. Cor. 1) 

1 

= -{n + nm + (1 ^n)m}S, ayjS 

= - (» + m) /S' . ay^. 

But since U, G, i>, F are in one plane, and 

2w(l - n) OF -{I -^) 0G+ 2mnOD^mOF=0, 
we must have (34. 8) 

2m (I - 7i) — (1 - w) + 2m» - m = ; 
.'. w + w = l ; 
and 6 times the whole volume cut off 

= ^S.ayP 

= - of Q times the whole volume, 

hence the plane bisects the tetrahedron. 

Cor. The plane cuts other two edges at F and (?, so that 

AF OG 
AB'^OO" 
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Additional Examples to Chap. IV. 

1. Str^ght lines are drawn terminated by two given straight 
lines, to find the locus of a point in them whose distances from 
the extremities have a given ratio. 

2. Two lines and a point aS' are given, not in one plane ; find 
the locus of a point P such that a perpendicular from it on one 
of the given lines intersects the other, and the portion of the 
perpendicular between the point of section and P bears to SP 
a constant ratio. Prove that the locus of i* is a surface of the 
second order. 

3. Prove that the section of this surface by a plane perpen- 
dicular to the line to which the generating lines are drawn perpen- 
dicular is a circle. 

4. Prove that the locus of a point whose distances from two 
given straight lines have a constant ratio is a surfieice of the second 
order. 

5. A straight line moves parallel to a fixed plane and is ter- 
minated by two given straight lines not in one plane ; find the 
locus of the point which divides the line into parts which have 
a constant ratio. 

6. Required the locus of a point P such that the sum of the 
projections of OP on OA and OB is constant. 

7. If the sum of the perpendiculars on two given planes from 
the point A is the same as the sum of the perpendiculars from B^ 
this sum is the same for every point in the line AB, 

8. If the sum of the perpendiculars on two given planes from 
each of three points A, B, (not in the same straight line) be the 
same, this sum will remain the same for every point in the plane 
ABG. 

9. A soHd angle is contained by four plane angles. Through 
a given point in one of the edges to draw a plane so that the sec- 
tion shall be a parallelogram. 



EX. 10.] THE STRAIGHT LINE AND PLANE. 71 

10. Through each of the edges of a tetraliedron a plane is 
drawn perpendicular to the opposite face. Prove thilt these planes 
pass through the same straight line. 

11. ABG is a triaugle formed by joining points in the rect- 
angular co-ordinates OAy OB, 00 , OB is perpendicular to ABC, 
Prove that the triangle AOB is a mean proportional between the 
triangles ^^CyljBi). 

12. VapV^p + (ra)8)'= is the equation of a hyperbola in p, 
the asymptotes being parallel to a, p. 



CHAPTER V. 
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36* EquaMcm of the circle. 

Let AD be the diameter of the circle, 
centre C, radius -a, P any point. 

If YectoT CD = a, OF = p, 
we have p'^-^a* (1). ^ 

If however AP=p, 

CP=p^d, 
we have (p-af^-a* (2). 

If be any point, 

OP = p, 0(7 = 7, CP = p-y, 

we have (p~7)* = ""^* 




(3). 



These are the three forms of the vector equation. 

Form (2) may be written 

p* - 2Sap = 0. 
If OG = c, form (3) may be written 

p'"2Syp = c'-a\ 

Examples. 
37. Ex. 1. The angle in a semicircle is a right angle. 

Taking the second form 

p« - 2AS'ap = 0, 
we may again write it 

Sp(p-'2a) = 0; 
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therefore p, p — 2a are vectors at right angles to one another. 
But p-2aisi>Pj 

•*. DP A is a right angle. 

Ex. 2. If^rcmgh cmy point within or without a circle, a 
straight line he drawn, cutting the circle in the points P, Q^ the pro- 
duct OP. OQ is aXways the same for that point. 

The third form of the equation may be written 

which shews that Tp has two values corresponding to each value 
of 27p, the product of which is c* - a'. Therefore, &c. 

Ex. 3. If two circles cut one another, the straight line which 
joins 1^ points of section is perpendicula/r to the straight line which 
joins the centres. 

Let 0, Che the centres, P, Q the points of section ; 

vector OC = a ; a, b the radii ; 
then (as vectors] 

OP' = -a% 

(0P-a)« = -6»j 

.•, SaOP = (7, a constant. 

Similarly, JSaOQ= (7, the same constant ; 

.-. JSa{OQ-OP)=0, 

or SaPQ = 0, 

i. e. PQ is at right angles to OC. 

Ex. 4. is a fixed point, AB a given straight line, A point Q 
is taken in tJie line OP drawn to a point P in AB, such that 

OP.OQ = k'; 
to find the locus of Q, 

Let OA perpendicular to AB be a, vector o ; 

OQ = p, OP = xp; 

then T{pP.OQ) = k\ 

or xp* = -k\ 
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But Sa{xp^a) = 0; 

hence p'=-^Sap 

is the equation of the locus of Q, which is therefore a circle, 
passing through 0. 

Ex. 5. /Straight lines are drawn through ajlasect point, tojmd 
the locus of the fett of perpendiculc^s on them from amather fixed 
pomt. 

Let 0, ^ be the points, the lines being drawn through A, 
Let OA = a, and let p = a-\-xp be the equation of one of the lines 
through A, 8 the perpendicular on it from 0, 

Then 8 = a + a;j9, 

and . Sh'^^Sab, 

because 8 is perpendicular to )3 ; 

i.e. 8*-/ya8 = 0, 
the equation of a circle whose diameter is OA, 

Ex. 6. A chord QR is drawn parallel to the diameter AB of 
a circle : P is any point in AB ; to prove that 

P(^ + PE" = PA"" + PB\ 

Let CQ = p, CR = p\ PC = a; 

then PQ' = - (vector PQ)' 

= -{a + py = -{a' + 2Sap-^p% 

P^ = - (a + p7= - (a» + 2Sap'+ p'«) j 

.-. PQ' + PR*=2PC' + 2AC'''2{Sap + Sap'). 

But *S{p + p^){p-p^) = and p-p = oca, 

because QR is parallel to AB ; 

.-. JSap + Sap=0, 

and PQ' ■¥ PR' = 2PG* + 2AC' 

= PA' + PB'. 
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Ex. 7. If three given circles be cuJb by any other circle, tlt^ 
chords of section mil form a triangle, the loci of the angular points 
of which are three straight lines respectively perpendicular to the 
lines which join the centres of the given circles; and these three 
lines meet in a point. 

Let A, B, (7 be the centres of the three given circles ; a,b, c 
their radii j a, j9, y the vectors to A, B, G from the origin ; 
OA, OB, 00 respectively p, q, r i D the centre of the cutting 
circle whose radius is B, OJD = s, vector OD = S, p the vector to 
a point of section of circle Z) with circle A; then we shall have 

and .-. 2S{S-a)p = B'--a'^s'-\-p\ 

Now this is satisfied by the values of p to both points of sec- 
tion; and being the equation of a straight line (32. 3) is the 
equation of the line joining the points of section of circle D with 
circle A — call it line 1, and so of the others ; then 

Hue 1 is 2S(B -a)p =B'--a'-s' +p', . 

• line 2 is 28(8- P) p = B' -b' "s' + q', 

line 3 is 2S (S - y) p'' = B' - c' - s' -\- r^. 

If 1 and 2 intersect in F whose vector is p^, 1 and 3 in © {p^ ; 
2 and 3 in. B (p^, we shall have by subtraction 

atP, 2AS'(a-/?)p^ = a*-6»-/+^; 

ate, 2AS'(y-a)p, = -a» + c* + p»-r'j 

at^, 2AS'03-y)p3 = 6»-c»-(?* + r"j 

therefore (32. 3) the loci of F, Q, B are straight lines, perpen- 
dicular respectively to AB, AO, BO, 

Also at the point of intersection of the first and third of these- 
lines, we have, by addition, 

which is satisfied by the second : hence the three loci meet in a 
point. 
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Ex. 8. To find tJie eqication of the ciasoid, 

AQ ]a 2k chord in a circle whose diameter is AB, ^iV perpen- 
dicular to AB. 

AM is taken equal to BN, and MP is drawn perpendicular 
to AB to meet AQin. P ] the locus of jP is the cissoid. 

Let vector AP = tt, AC = o, AM= ya, AQ = 0Dir; 
then y : 1 :: 2 — y : a?, bj the construction ; 

2 

Now xV - 2xSaTr = 

is the equation of the circle ; 



.'. x = 



2Si 



air 



IT 



Also IT = AM -\- MP 

,\ Sair — ya?, 

Sair 
a 

hence (^l + __j_ = 2, 

and (tt* + 2SaTr) Sav = 2a V, 

is the equation required. 

Ex. 9. If ABO B is a parallelogram, and if a circle he de- 
scribed passing through the point A, and cutting tlie sid^ AB, AC 
and the diagonal AD in the points F, G, H respectively ; then the 
rectangle AD. AH is equal to the sum of the rectangles AB , AFy 
omdAC.AG. 

Let AB=^a, AC = P, AD = y 

AF=^xa, AG=^yp, AH=zy', 
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6 the vector diameter of tlie circle ; then 

"whence, since y = a + )3, 

zy' = xa' + y/B' ; 

i.e. AI).AH=AB.AF-\-AC,AG, 
Ex, 10. What 18 represented by the equation 

K tt, ^ be not at right angles to one another, we can put 
a^ + e/S for a, and so choose e that Sa^/S = 0. 

We shall therefore consider a, P as vectors at right angles 
to each other, and we may, on account of a?, assume their tensors 
equal, and each a unit. 

a + ojjS a-hx^ 



Hence p = 



or, if sin^ = 



(a + xl^y 1 + a;' 
1 



,8 } 



Jl + x' 



X 

COS 6 = 



^/^T^ 



p = - sin 6 (a sin 6 + j9 cos 6), 
whence Tp (= r) = sin 0, 

a circle of which the diameter is a unit parallel to a and the 
origin a point in the circumference; and )8 a tangent vector at 
the origin. 

Otherwise, Sap = -z » , ^-t 

'^ 1 + x 



.-. {Sap)' + (S^pY = Sap, 
or —p' = Sap. 
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Or, again, p~* = a + a?/?; 

whence /Sap"* = — 1, 

or r^(p-'-a) = 0, 

or r'^-. 1. 

where U stands for the versor of the quaternion ; 

all of these being, with the obvious condition S , a)3p = 0, varieties 
of the form of the equation of a circle, referred to a point in the 
circumference, the diameter through which is parallel to a. 

Draw any two radii p and p^, then we have 

r\ r 

Now ^^ ^ a a will be rendered a unit if we take a unit 
Pip 

vector along each of the three vectors pj, (p — pj), and p ; 

.-. S. Up-^U(pr' '-p-') = S, Up-'Up.Uip-'p^ Up 

= S.Up,U(p-^p,). 

But pr"-p'"=(^i-'^)P'. 

and S, Up-' U (p,-i - p-i) = S^Up'^ = - SfiUp. 

Hence S.UpJ7{p- pi) ^-Sfi Up, 

If p be constant whilst pj varies, the right-hand side of this 
equation is constant, and the equation shews that the angles in 
the same segment of a circle are equal to one another. 

Further, the form of the right-hand side of the equation, viz. 
— SpUp, shews that the angle in the segment is equal to the sup- 
plement of the angle between the chord (p) and the tangent (fi), 

38, ^o draw a tangent to a circle, 

1. If we assume the first form of the equation, the centre 
being the origin, and assume also that the tangent is at right 
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angles to the radius drawn to the point of contact; we shall have, 
denoting bj tt a vector to a point in the tangent, 

/Sp(7r-p) = 0, 

for «• — p is along the tangent ; 

.-. AS7rp = — a* 
is the equation required. 

2. "Without assuming the property of the tangent, we may 
obtain it as follows. 

Let p' be a point in the circle near to P ; then 

;S(p"-p') = 0, 

from the equation ; 

i.e. S(p-\-p)(p''p) = 0. 

But p' + p is the vector which bisects the angle between the 
vectors to the points of section, and p' — p is a vector along the 
secant. 

Now the equation shews (22. 7) that the former of these lines 
is perpendicular to the latter. 

As the points of section approach one another, the tangent 
approaches the secant, and the bisecting line approaches the radius 
to the point of contact : therefore the radius to the point of 
contact is perpendicular to the tangent. 

39, From a point without a circle two tangents are drawn 
to the circle, to find the equation of the chord of contact. 

Let P be the vector to the given 

point, 

Sirp = — a' 

the equation of a tangent ; then since 
it passes through the given point 

SI3p==-a\ 

Now this equation is satisfied for both points of contact, and 
since it is the equation of a straight line (32. 3) it must be satis- 
fied for every point in the straight line which passes through those 
points : itns therefore the equation of the chord of contact. To 
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avoid the appearance of limiting p to a point in the circle, we may 
write a- in place of p ; and the equation of the chord of contact 
becomes 



Examples. 

40, Ex. 1. If chords he dravm through a given point, and 
tangents he dravm at the points of section, the corresponding pairs 
of tangents tvUl intersect in a straigJU line. 

Let y be the vector to the given point G, the centre C being 
the origin ; P the vector to 0, the point of intersection of two • 
tangents at the extremities of a chord through G ; then the equa- 
tion of the chord of contact is (39) 

and as the chord passes through G we have 

SPy = -a\ 

which, since y is a constant vector, is the equation of a straight 
line, the locus of j9. 

Cor. 1. The straight line is at right angles to CG (32. 3). 

Cor. 2. The converse is obviously true, that if through points 
in a straight line pairs of tangents be drawn to a circle, the chords 
of contact all pass through the same point. 

Ex. 2. Any chord dravm from the point of intersection of 
two ta/ngentSf is cut harmonically hy the circle and the chord of 
contact. 

Let radius = a, 00 = c, OB=p, OS=q, vector 0,0 = a, unit 
vector OB = p ; then 

{ppy--2pSap = c'-a'' 

is the equation of the circle ; 

i. e. p* + 2pSap + c' - a' = 0, 
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a quadratic equation which gives 
the two values of p^ viz. OR and 
OT', 

But qp = OS=^OJS'-\- NSj 
Saqp = SaONl 
i.e. qSap^Sa(pG-NG). 

^-•c' + a' (39); 

A-? 




hence 



2Sap 

1 1 

+ 



"^OR OT' 

"Ex, 3. IftangerUs be dravm at the angtUar points of a triangle 
inscribed in a circle, the intersections of these tangents with the 
opposite sides of the triangle lie in a straight line. 




Let radius = a, OA = a, OB = p, OG = y, then 
T. <J. 
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But a is perpendicular to AP ; 

a' + SaP 



{CHAF. V. 



I 



y = - 



Say — SajS ' 



and 



Similarly, 



/S ay — Sa0 

^^ (a' + Sap) y- (a' + spy) a 
^^ Safi-Spy ' 

^j^ (a* + Spy)a-(a' + Say)P 
fSfiy — /Say 



Hence 



{Say-Sal3)0P + (SaP--SPy)0Q 

+ {SPy - /^ay) OB^O, 
W^nlBt {Say - ^aP) + {Safi - /S^Sy) + (SPy - JSay) = 0. 

Ck)nsequentl7 (Art. 13) P, ©, B are in the same straight line. 

Cor. FQ : PR :: SPy-Say :: Spy -Sap 

:: cos 2^— cos 2^ : cos 2(7— cos 2-4 
;: sin (7 sin (-5-^) : sin jB sin ((7 - -4). 

Ex. 4. A fixed circle is cut by a numher of drdes^ aU of which 
pass through two given points; to prove that the lines of section of 
the faced circle with each circle of the series all pass through a point 
whose distances from the two given points are proportional to the 
squares of the tangents drawn from, those points to the fixed circle. 

Let be the centre of (he 
fixed circle whose radius is a, 
A, B the given points, vectors 
a, Py the origin being ; OA = 6, 
OB = c ; C the centre of a circle 
which passes through A and B, 
radius r; OG=p, ir the vector to 
any point in the circumference of 
this circle; then the equation of 
the* circle is (tt - p)' = - 7^ ; 
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hence for the four points A, JS, P, Q, we have 

OP^-^S.OPp + p^^-T^, 
OQ*^2&.OQp + p^ = --7^. 
From which it follows that 

S(OP--OQ)p = (1), 

-6« + c« = a»-j8* = 2AS'(a-/?)p.... (2), 

2.S'(OP~a)p = OP»-a« = -a« + 6'» (3), 

Let QP, AB intersect in R, OR = o- j then 

S<rp = S{OP + x{OP^OQ)}p 
= S.OPphj(l\ 
and S<rp = S{a + y(a''P)}p 

= ;?ap + |(-6» + c-)by(2); 

/. f/(-^b' + c') = 2S<rp^2Sap 

= 2S{0P^a)p 
= -aV6«by(3), 

i. e. y is independent of p and r ; or ^ is the same point for 
every circle : 

c — 6 
and RA : ^5 :: a-Oi? : p-OR :: 6»-a« : (?-a^ 

41. The Sphere. 

1. It is clear that there is nothing in the demonstration of 
Art. 36 which limits the conclusions to one plane ; it follows that 
the equations there obtained are also equations of a sphere. 

2. Further if we assume that the tangent plane to a sphere 
is perpendicular to the radius to the point of contact^ the con- 
clusion in Art. 38 is applicable also. 



84 QUATERNIONS* [CHAP. V. 

The eqaatiou of the tangent plane to the sphere is therefore 

Swp = — a\ 

3. Lastly, the results of Art. 39 are also applicable if we 
substitute any number of tangent planes passing through a given 
point for two tangent lines; the equation of the plane which 
passes through the points of contact is therefore 

This plane is the polar plane to the point through which the 
tangent planes pass. 

Cob. Since the polar plane is perpendicular to the line which 
joins the centre with the point through which the tangent planes 
pass, the perpendicular CD to it from the centre is along this 
line and has therefore the same unit vector with it. The equa- 
tion above gives in this case 

6'{(70.(72>(rj8)«} = -a«; 
.-. CO.GD^^d^ (19). 

Examples. 

42, Ex. 1. Every section of a sfphere made hy a plane ii 
a circle. 

Let p' = '' a' be the equation of the sphere, a the vector per- 
pendicular from the centre on the cutting plane ; c the correspond- 
ing line. 

Let p = a + TT ; 

then the equation becomes 

ir' + 2SaTr + a' = - a'. 
But. /S'a7r = 0j 

is the equation of the section, which is therefore a circle, the square 
of whose radius is a*-€^. 

Ex. 2. Tofmd the curve of intersection of two spheres. 
Let the equations be 

p« - 2/S'ap = C 
p»-2A^a'p = C"; 
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a plane perpendicular to the line of which the vector is a'— a, 
i. e. to the line which joins the centres of the two circles. 
Hence, by Ex. 1, the curve of intersection is a circle, 

Ex. 3. To find the locus of the feet of perpevidicidara from the 
origin on plcmes which pass through a given point. 

Let a be the vector to the point, 3 perpendicular on a pliane 

through it ; then 

/S8(p-a) = 

is the equation of that plane ; therefore for the foot of the per- 
pendicular 

or h^-Sah^O 

is true for the foot of every perpendicular and is therefore tha 
equation of the surface required* Hence it is a sphere whose 
diameter is the line joining the origin with the given point. 

Ex. 4. Perpendiculars are drawn from a point on the surface 
of a sphere to all tangent planes^ to find the locus ofihewr extremi- 
ties. 

Let a be the vector to the given point, 

the equation of a tangent plane. 

Since the perpendicular is parallel to p, its vector is 

IT = a + scp ; 
.•. (tt — a)' = aj'p' - a'a' 

because both p and a are vector radiL 

But Svp = — a* gives with asp = s- — a, 

<S'7r(7r-a) = -a'a:, 
(7r»-/^air)* = aV 

= — a' X — aV 
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Ex. 5. If the points from which tangent planes a/re drawn to 
a sphere lie always m a straight linCy prove that the phmes of sec- 
tion all pass through a given point. 

Let CE be perpendiciilaT to the line in which the point P 
lies (41), see fig. of Ai-t. 39, 

CE=c, vector (7^=8; 

then Sph^-^ 

is the equation of the lina 

But Spa^-o? 

is the plane of contact, which is therefore satisfied bj 

i. e. the planes all pass through a point G in CEy such that 

CG=^^,CE, 
c 

. or CE.CG = a\ 

Ex. 6. if three spheres intersect one another y their three planes 
of intersection all pass through the same straight line. 

Let a, P, yhe the vectors to the centres of the three spheres, 

p^—2Sap =a, 

p'--2SPp = by 

p' — 2Syp = c, 
their three equations ; 

.% 2S{a-P)p = h'-a, ' 

2S{a'-y)p-c — ay 

2S{P--y)p = c-hy 

are the equations of the three planes of intersection. 

Now the line of intersection of the first and second of these 
planes is obtained by taking p so as to satisfy both equations, 
and therefore their difference 

2S{p-y)p = c^by 



or 
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which, being the third equation, proves that the same value of p 
satisfies it also. The three planes consequently all pass through 
the same straight line. 

Ex. 7. To find the lociis of a point, the sum of the squares 
of whose distances from a number of given points has a given 
value. 

Let p denote the sought point; a, )3, ... the given ones; then 

(p-a/+(p-/?)»+&c. = S(p-a)» = -(7. 
If there be n given points ; this is 

This is the equatioa of a sphere, the vector to 'whose centre is 

-S(a), 
n ^ ' 

i. e. the centre of inertia of the n points taken as equal* 
Transpose the origin to this point, then (36) 

S.a = 0, 

and p» = --{S(a») + C}. 

Hence, that there may be a real locus, O must be positive 
and not less than the sum of the squares of the distances of the 
given system of points from their centre of inertia. If C have 
its least value, we have of course 

p» = 0, 

the sphere having shrunk to a point. 



Additional Examples to Chap. V. 

1. If two circles cut one another, and from one of the points 
of section diameters be drawn to both circles, their other extre- 
mities and the other point of section will be in a straight line. 
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2. If a chord be drawn parallel to the diameter of a circle, 
the radii to the points where it meets the circle make equal angles 
with the diameter. 

3. The locus of a point from which two unequal circles sub- 
tend equal angles is a circle. 

4. A line moves so that the sum of the perpendiculars on it 
from two given points in its plane is constant. Shew that the 
locus of the iniddle point between the feet of the perpendiculars 
is a circle. 

5. If 0, O' be the centres of two circles, the circumference 
of the latter of which passes through ; then the point of inter- 
section A of the circles being joined with 0' and produced to 
meet the circles in C, D, we shall have 

AG.AD^2A(y. 

6. If two circles touch one another in 0, and two common 
chords be drawn through at right angles to one another, the 
sum of their squares is equal to the square of the sum of the 
diameters of the circles. 

7. Ay Bf C are three points in the circumference of a circle ; 
prove that if tangents at B and C meet in D, those at C and A 
in B, and those at -4 and -» in F; then AD, BE, (7^ will meet 
in a point. 

8. If Ay B, C are three points in the circumference of a 
circle, prove that V(AB. BC* CA) is a vector parallel to the tan- 
gent at A, 

9. A straight line is drawn from a given point to a point 
P on a given sphere : a point Q is taken in OF so that 

OF.OQ = ^. 

Prove that the locus of Q is a sphere. 

10. A point moves so that the ratio of its distances from two 
given points is constant. Prove that its locus is either a plane 
or a sphere* 
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11. A point moves so that the sum of the squares of its 
distances from a number of given points is constant. Prove that 
its locus is a sphere. 

12. A sphere touches each of two given straight lines which 
do not meet ; £md the locus of its centre. 



CHAPTER VI. 



THE ELLIPSE. 



43. I* If we define a conic section as "the locus of a point 
which moves so that its distance from a fixed point bears a con- 
stant ratio to its distance from a fixed straight line'' (Todhunter, 
Art. 123), we shall find the equation to be (Ex. 5, Art. 35) 

ay = e'{a!'-Sapy (1), 

where SP = ePQ, vector SD = a, SP = p. 

"When e is less than 1, the curve is the ellipse, a few of whose 
properties we are about to exhibit. 

2. SA, SA' are multiples of a : call one of them xa : then, 
by equation (1), putting xa for p, we get 

P 




. • X — 



l+e' 
e 



x= — 



l-e' 
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i.e. SA=^SI), 

l—e 

l — e 

the major axis of the ellipse, which we shall as usaal abbreviate 
by 2a. 

If C be the centre of the ellipse 



CS 



= SA' - CA'= (:r^ - ,^^^SD = eCA 

\1 - 6 1 — e / 



= ae, 



and if vector CS be designated by a', CP by p\ we have 

a' = -z 2 a and p' = p + a' ; 

whence, by substituting in (1), the equation assumes the form 

which we may now wiite, CS being a and CP p, 

ay-h(Sapy = -a\l-e') (2). 

3. This equation might have been obtained at once by re- 
ferring the ellipse to the two foci, as Newton does in the Prin- 
cipia. Book i. Prop. 11 ; the definition then becomes 

SP-¥HP = 2a, 
or in vectors, if 

(7P = p, CS^ay 

T{p + a) + T{p-a) = 2a; 

i.e. J- (p + a/ + ^-(p - o)* = 2a ; 
hence, squaring, 

a J- (p - a)* = a" + Sap ; 

- i.e. ay + (^ap)» = -a*(l-€^). 
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If now we write d>p for z-n =r » where d>p is a, vector 

a (1 — e*) 

which coincides with p only in the cases in which either a coin- 
cides with p or when Sap = 0, i. e. in the cases of the principal 
axes ; the equation of the ellipse becomes 

Sp<l>p=^l (3). 

The same equation is, of course^ applicable to the hyperbola, 
e being greater than 1. 

44. The following properties of <f>p will be wry frequ&nJUy 
employed. The reader is requested to bear them constantly in 
mind, 

1. ^ (/» + 0-) = ^p + ^. 

2. ftiXp=:X^p. 

= SpffxT. 

They need no other demonstration than what results from 
simple inspection of the value of ^p 

a*p 4- aSap 
""■" a*(l-e») • 

45. To find the equation of the tangent to the ellipse. 

The tangent is defined to be the limit to which the secant 
approaches as the points of section approach each other. 

Let CP:^p, CQ = p\ then 

vectxyr FQ^CQ -GP= p " p = ^ say; 
P is therefore a vector along the secant. 

Now /S'p'<^p'=/S'(p+i8)^(p + /8) 

-.y(p + /8)(# + <^^)(44.1) 
. ^/S'p<^p + 5p^jS + /SiS^p + jSiS<^j3. 
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But Sp4>p'^l=Sp<fip; 

.-. Sp^p + Spft>p + /SJSc^jS = 0, 

or (44. 3) 2Spft>p + Spif^fi = 0. 

Now j3^p involves the first power of j3 whilst j8^)8 involves 

the second, and the definition requires that the limit of the sum 

of the two as fi gets small^ and smaller should be the first only, 

even if that should be zero : i. e. when j3 is along the tangent, we 

must have 

2Spft>p = 0. 

Let then T be any point in the tangent, CT=iry then 

ir = p-\- ajjS, 
and Spffip - gives 

JS{ir^p)<f>p = 0; 

. *. Stt^p = Sp<l>p = 1 

is the equation of the tangent. 

Cor. 1. ^p is a vector along the perpendicular to the tangent 
(32. 3), that is, ^p is a normal vector, or parallel to a normal 
vector at the point p. 

Cob. 2. The equation of the tangent may also be written 
(44. 3) /Sp^7r=l. 

46, We may now exhibit the corresponding equations in 
terms of the Cartesian co-ordinates, as some of the results are 
best known in that form. 

Let CM=x, MP = y as usual; then, retaining the notation 
of Art. 31 with i, j as unit vectors parallel and perpendicular 
respectively to CA, 

vector CM = xi, MP = j^', CS = aet ; 
.-. p = xi + fjj, 
a'p + aSap 

_ a* (1 — e*) od + a'yj 
" a* (1 - e») 
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where 6* = a" (1-6*); 

and ^p*P = -^(«^' + yJ)(p + p) 

= — + -- • 

• 4. ii- — I 

• " ~3 ^^ ra — '^ 

a 6 
is the Cartesian interpretation of /Sp^p = 1. 

Again, if a;', ^ be the co-ordinates of jT a point in the tangent, 
and S^^9^-S{^i^^S){^,^f) 

is the equation of the tangent. 

47* ^^6 values of p and ^p exhibited in the last Article, 



VIZ. 



P = <d+m<t>p=-^.+f) (1), 



enable us to write 






"We shall have 



9 9 = 999 = -^i- + -^ 

/iSip jSjp\ . 

-"V"^''"FJ ^^^' 

^"*p = a^t/Sip + VjSjpy &c. 
If, further, we write ipp for 

A'aS'ip jSJp\ 

^Kir-'-b-j' 
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we shall have 

--*> (4), 

I 

ij/'^p = — {aiSip + hjSjp\ &c. 

= — {aiStij/p •¥ hjSjiffp) (5). 

It is evident that the properties of ^p (Art. 44) are applicable 
to aU these functions. 

Now ^p^P = 1 

gives /Sp^ (xpp) = — 1. 

But since Spiff (t = Scrifrp, 

this becomes . S\pp\pp = — 1, 

or T^p = i; 

which shews 1. that xj/p is a unit vector; 2. that the equation of 
the ellipse may be expressed in the form of the equation of a 
circle, the vector which represents the radius being itself of vari- 
able length, deformed by the function xj/. 

Lastly, iSa<l>^ = 

gives /S'ai/r'jS = S\ffa\l;p = ; 

therefore i/ra, i/r/5 are vectors at right angles to one another. 

48, To find the locus of the middle points of parallel chords. 

Let all the chords be parallel to the vector j3 ; tt the vector 
to the middle point of one of them whose vector length is 2xp ; 
then 

TT + xP, ir-xp 

are vectors to points in the ellipse ; 

.-. S{ir-\-x^)if>{7r + xP) = l, 
^ (tt - a;j8) <i!» (tt - a;j3) = 1, 
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multiplying out, observing that (44. 1), 

ve get by subtracting, 
or, (Art. 44. 3), 

i.e. the locus required is a straight line perpendicular to ^j3. 

Now <f>p is the vector perpendicular to the tangent at the 
extremity of the diameter j3 (Art 45. Cor. 1). 

* 

Therefore the locus of the middle points of parallel chords is 
a diameter parallel to the tangent at the extremity of the diameter 
to which the chords are parallel. 

Cor. If a be the diameter which bisects all chords parallel 
to ^ ; since 

Sa.^^ = 0, 
we have (Art. 44. 3), 

S^^ = 0, 

which is the equation to the straight line that bisects all chords 
parallel to a. Moreover ^ is parallel to the tangent at the ex- 
tremity of a, for it is perpendicular to the normal ^a. 

Hence the properties of a with respect to ^ are convertible 
with those of ^ with respect to a : and the diameters which 
satisfy the equation 

Sa^^ = 0, 

are said to be conjugate to one another. 

49, Our object being simply to illustrate the process, we shall 
set down in this Article a few of the properties of conjugate 
diameters without attempting to classify or complete them. 

1. If CP^ CD are the conjugate semi-diameters a, P; and 
if DC be produced to meet the ellipse again in E^ and PJ9, PE 
be joined; vector i>P = a - jff, vector EP = a + p. 
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= SculM-SPil>p-Sa4>fi + SP<l>a (44. 1) 

= 0, 

because Sa^, SI3<l>Pi each equals 1. 

Therefore a + j3, a-j3 are parallel to conjugate diameters. 
(Art 48. Cor.) 

This is the property of Supplemental Chords, 

2. Let two tangents meet in T, CT=irj and let the chord 
of contact be parallel to )9. If for the present purpose we denote 
C^ by a, we have 

^ir^ (a + JBi j8) = 1, 

for the two points of contact. 

Subtracting and applying (44. 1), 

Sw4>p = : 
hence v and j3 i. e. GT, QR are conjugate. 

3. The equation of the chord of contact is Sa^yo' = 1. 

For /Sjp^ = 1 (45. Cor. 2) is satisfied by the values of p at 
Q and at B, and since Sp<l>ir = 1 or Saff^v = 1 is the equation 




T,Q. 
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of a straiglit line, v being a constant vector (32, 3) it is the 
line QE. 

L If QR pass through a fixed point E^ the locus of T is 
a straight line. 

Let o- be the vector to the point E^ then 

SfT<fiV = 1 j 
.*. Sv<fifT= 1, 

or the locus of jT is a straight line perpendicular to ^, i.e. 
parallel to the tangent at the point where CE meets the ellipse. 
(45. Cor. 1.) 

The converse is of course true. 

.5. Let us now take 

CP=a, Ci> = j3, GF^^xoy NQ=yP, CT=za; 
then the equation of the tangent becomes 

Sza<t> (xa + yP) = 1 ; 
i. e. xzSaifta = 1 ; 
.•. XZ=lj 
or xa.za=a* I 
geometrically (7iV". CT= GP\ 

6. The equation of the ellipse gives 

S{xa-¥yP)4^{xa-¥yP)^\^ 
or a;'^a<^a + y'Spffyfi + 2xySa^p = 1, 

L e. a^+y*= 1, 
or, since ON is xa^ CP = a, &c., 

(CN' 
\CP 

the equation of the ellipse referred to conjugate diameters. 

7. a = \j/~^\j/a = — {aiSiiJ/a + hjSjipa) 

p = 1^-^/5 = - {aiSiAl^P + loSjipP) ; 
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If now we call k the unit vector perpendicular to the plane 
of the ellipse, we get 

rij=k. 

And, observing that i^o, i/r/5 are unit vectors at right angles ; 

if the angle between i and \^a be 0, that between t and ^)3 

v 
will be • H + ^9 ^<^ ^^-t 

we shall have (21. 3) 

Siij/a = — cos Oy 

Sj\l/a = - sin tf , 
^>)8 = -cosft 

.-. SulfoSjilfp - Si0Sjilfa = cos* fl + sin* d = 1. 

Consequently VaP = (ibk ; 

1.6. Ta.Tp^mPCD^ab, 
or oZ^ 'pa/ralldograms circumscriMng an ellipse a/re equal. 

50. Examples. 

Ex. 1. To find the length of the perpendicvla/r from the centre 
on the tcmgent. 

Let 07 the perpendicular, which (Art. 45. Cor. 1) is a vector 
along ^/), be Xfj^p ; then since F is a point in the tangent, 

Sir<l>p = 1 gives Sa^pifip =1, 
or x(<l}py=l; 

and CY' = T(x^p)'=T^, 

^ (46). 



7—2 



a**b* 
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Ex. 2, The product of the perpendtcula/rs from ihefod on the 
kvngerU is eqtial to the equa/re of the semircme mmor^ 

We have SY the vector perpendicular = o^^p, and as F is a 
point in the tangent^ and 

/S (a + oj^p) ^/» = 1, 
X (^)* = 1 - Sa^pf 

W 
Similarly, EZ^t'^^^^; 

(M 

Kow <43. 2) a V = -S'ap-a*{l- 6% 

, a'p + aSao 



"o«(l-e') 



••• ("l^py- ^e,, .,x > 



Ex. 3. 5%« perpendicuUvr from the focus on the tangent in- 
tersects the tangent m the circimference of the circle described about 
the axis mc^or, 

Betaining the notation of the last example, we hare 

_ Ap(i-Sa4p) , 
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= -aV-a*(l-e') (lasii example) 
and the line CF= a, 

i . • 

Ex. 4. 7o ^nc? the locus of T when ihe pefii^mdvyula/t from 
the cenf/re on the chord of contact is constcmt. 

If CT be T, tlie equation of QR^ the chord of oontacti is 

Sa^^l (Art. 49,3X 

and the perpendicular (Ex. 1) is 5^-7- ; 

•^ (^)»=-c», 
or /S^ir . ^ir = — c*, 
or SW^^ = - c' ( Art. 44. S) J 

an ellipstt. 

Ex. 5. TQy TR are two tcmgerUs io cm dUpse^ amd CQ^ GR 
are drawn to the ellipse parallel respectively to TQ, TR; prove 
that QR! is parallel to QR. 

Let CQ=-Pj CR = p', CT=af 

then Sp^ = If 

Sp'<lHi = L 

Now since CQ' is parallel to TQ, 
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Rimikriy CK^yip'-a), 




and 


S.CQr4^{CQn = l 




giTea 
and 


ie. a«(&i4o-l)=:l. 




and 




•f>) 


hence QfS is parallel to QR. 




Ck)R. 


QR* : QB^ :: «• : 1 






:: 1 : iSa^ — 1 






- 1 • 4. 5L «. 1 





[chap. VI. 



where x, y are the co-ordinates of T, 

V 

Ex. 6. ^f a pa/raUeHqgram he inscribed in cm eUtpse, Us sides 
areparaUdto conjugaie diameters. 

Let FQRS be the parallelogram. . 

then (7$ = p + a, CB^p-^a; 

.*. Sp<^= 1, 
iS(p + o)^(p + <i) = l; 
wherefore 2/S|p^ + /Sa^ = 0. 

Similarly 2/Sp V + '^^^^ = ; 

. •. /S' (/b' - p) ^ = 0, by subtraction, 
or iSp<l>a = 0, 
and (48, Cor.) p, a are parallel to conjugate diameters. 
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Additional Examples to Chap, VI.. 

J. Shew that the locus of the points of bisection of chords to 
an ellipse, all of which pass through a given pointy is an ellipse. 

2. The locus of the middle points of all straight lines of con- 
stant length terminated by two fixed straight lines, is an ellipse 
whose centre bisects the shortest distance between the fixed lines ; 
and whose axes are equally inclined to them. 

3. If chords to an ellipse intersect one another in a given 
point, the rectangles by their segments are to one another as the 
squares of semi-diameters parallel to them. 

4. If FCF", DCD' are conjugate diameters, then FB, PD' 
are proportional to the diameters parallel to them. 

5. If Q be a point in the focal distance SP of an ellipse, such 
t&at SQ is to SP in a constant ratio, the locus of Q is a similar 
ellipse. 

6. Diameters which coincide with the diagonals of the paral- 
lelogram on the axes are equal and conjugate. 

7. Also diameters which coincide with the diagonals of any 
parallelogram formed by tangents at the extremities of conjugate 
diameters are conjugate. 

8. The angular points of these parallelograms lie on an ellipse 
similar to the given ellipse and of twice its area. 

9. K from the extremities of the axes of an ellipse four pa- 
rallel lines be drawn, the points in which they cut the curve are 
the extremities of conjugate diameters. 

10. If from the extremity of each of two semi-diameters 
ordinates be drawn to the other, the two triangles so formed will 
be equal in area. 
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11. Also if tangents be drawn from the extremity of each 
to meet the other produced, the two triangles so formed will be 
equal in area.. 

12. If on the semi-axes a parallelogram be described, and 
about it an ellipse similar and similarly situated to the given 
ellipse be constructed, any chord PQB of the larger ellipse, drawn 
from the further extremity of the diameter CJ) of the smaller 
ellipse, is bisected by the smaller ellipse at Q, 

w 

IS. If TPj TQ be tangents to an ellipse, and PCF be the 
diameter through P, then P'Q is parallel to CT. 
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THE PARABOLA AND HYPERBOLA. 



51, As already stated, most of the properties of the hyperbola 
are the same as the corresponding properties of the ellipse, and 
proved by the same process, e being greater than 1. Tiiere are, 
however, some properties both of it and of the parabola which 
may be conveniently developed by a process more analogous to 
that of the Cartesian geometry. This process we shall develope 
presently. In the meantime we proceed to give a brief outline 
of the application to the parabola of the method employed in 
the preceding Chapter for the ellipse. 

52. If S be the focus of a 
parabola, DQ the directrix, we 
ha.Ye SP = FQ, SA = AD = a. 

JfSP^p, SD = 0^190 have 
(Ex. 5, Art. 35) 

ay=:{a'-Sapy... (1). 



If^^ = PZ^, 



(2), 




to which the properties of ^p in 
Art. 44 evidently apply, 
the equation becomes 

Sp{4>p+2ar') = l (3). 

If p' be another point in the parabola, p -p^P^ the limit to 
which P approaches is a vector along the tangent; so that if 
xp = V'-p,itJa the vector to a point in the tangent ; this gives 

-S'(»-p)(^p + a-) = (4); 
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hence the equation of the tangent becomes 

iSW(^p + a"*) + ^a-V = l (5). 

From (2) it is evident that 

^a^ = (6), 

so that ^p is a vector perpendicular to the axis. 
From the same equation 

= a«(^p)« (7). 

From (4) the normal vector is 

^ + a-* , (8); 

therefore the equation of the normal is 

<r = f) + a5(^p + a"*) (9). 

Equation (2) when exhibited as 

reads by (6), 'vector along iVP=/SP- vector along AN% which 
requires that ^P = a'<l>p (10), 

S]!^=a''Sap; 
i. e. =aSd~^p (11). 

For the subtangent AT, put aja for «• in (5), and there results 
by (6) 

whence (® " 9) * ^ 9 * ~ aSar^p j 

i. e. vector AT = - vector AN (by 1 1) ; 
/. line^I'=^iV^; 
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and JST = xa giyes 



a" 



= p"by(l); 

whence also the tangent bisects the angle SFQ ; and SQ is per- 
pendicular to and bisected by the tangent, 

From (8) y (^ + a"') = FG 

= PN-¥NG 
= - a'^p + «a (by 10) ; 
.-. y = -a', y = «a*, 
« = -l, 



;» a = — a ; 



ie. NG^^SD, 

or ]meNG = SD, 

whence the subnormal is constant. 

And vector GP = -y{4^^ or^) = a* (<^/>+ a"') ; 

.-. vector .S'G = /S'D + i)$ 
= SI)^NP 

= ep, 

and SQGP is a litombos. 

Lastiy, ^{a + a'<l>p) = ^SQ 

1 

or (10) Atia parallel to, and eq^oal to half of NP, 
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53* If now we substitute Cartesian coordinates, makinj( 

p = sci'¥yj^ a = — 2at; 



we shall have 



a" Sap = ody 



and equation (3) become 






or y*=4a(a + aj) 

The locus of the middle points of parallel chords is thus 
found. 

Let the chords be parallel io p^ tf the vector of the middle 
point of one of the chords, 

then ir+xp=pf 

and S{ir + xP)<l>{ir-k-xp) + 2Sa-^v + xp) = l} 

which, since the term involving x must disappear, gives 

Sirif>P + Sa'^P = p, 
a straight line perpendicular to ^j3, i.e. (6) parallel to the axis. 
This equation may be written 

which shews (8) that the chords are perpendicular to the normal 
vector at the point where p^v, Le, at the point where the 
locus of the chords meets the curve : in other words, the chords 
are parallel to the tangent at the extremity of the diameter which 
bisects them. 

54* Examples. 

Ex. 1. If tvoo chorda he drawn always pa/raMel to given lineSy 
and cut one another at points efMer mthin or toithout the pa/rabolay 
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the ratio of the rectangles of their segments is always the same 
whatever he their point of section. 

Let jPOp, QOq be the chords drawn through 0, and always 
parallel respectively to P and y, which we will suppose to be 
unit vectors. 

Let 8 be the vector to Oy 
then p = S+xP 

gives from equation (3) 

S{S+xP) (^8 + 4>xP + 2a"*) = 1 ; 

the product of the two values of x being 

SB<fiS 4- 2Sar'S - 1 

1 1 



.-. OF. Op : OQ.Oq :: 



a constant ratio whatever be 0, 

Cob. Let 0, ff be the angles in which )3 and y cut the axis ;' 
then since )8, y are unit vectors, if p be a vector to the parabola, 
drawn from S parallel to FOp^ which we may now call SP ; 

^ = 71)3, ^p = ^(wj8) = 7w^j8(44. 2), 

will give 

«o./j ^P0P ^9^9 

NP 
in which case ^p is — j- ; 

a 

NP N'P 

,-. SP^P : Syil>y - sin 6 i^ : sinfl'-^p- :: sin'tf : sin»^; 

and, OP. Op : OQ.Oq :: 4^^ : ^^. 

Ex. 2. ^mc^ the locus of the point which divides a system of 
pa/raUel chords into segments whose product is constant. 
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By the last example, the equation of the locus is 



^Pi>P - ""' 



a parabola similar to tlie given parabola. 

Ex. 3. The j)erpendicidar from A on the tangent, and the Kne 
PQ a/re ^produced to meet in R : find the locue ofR. 

By Art. 52. 8, -4i? = aj (<^p + a"*), 

and PR = ya ; 

Operate by /S^p, 
and X (<f>py = aSjp^p 

= a'(^)'(52.7); 

and w = 5 + a' (^p + a"*) 

= -^ + a*0p is the equation required ; 

(n \ 
TT— ■^ja = 0, itis that of a straight line perpendi- 
cular to the axis, at the distance 3a from S, 

Ex. 4. To find the locus of the intersection with the tangent 
of tJie perpendicular on it from the vertex. 

If w be the vector perpendicular on the tangent from -4, 
we have by (52. 8) 

V = X (<l)p + a~^) (1), 

and the equation of the tangent gives, putting 7r + ^ in place 

of TT in (52. 5), and multiplying by 2, 

2Sir<f>p + 2Sa''7r+2Sa''p=l (2), 

we have also 

^p(<^p + 2a-^) = l (3). 



« 
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From these three equations we have to eliminate x and p. 

Equation (1) gives 

Sair = X, 
which gives as, 
and SwKJip = X (<^/3)*, 

which substituted in (2) gives 

2x (<^p)" + 2A^a- V + 2Sa"p = 1. 

Also, substitutiug (52. 7) a' (^p)* for Sp<l>p^ equation (3) 

gives 

a" (<^p)" + 2Sa''p = 1 ; 

therefore by subtraction 

{2x - oT) (0p)* + 2Aya- V = 0, 

i.e. (2/S'a7r-a')(<^p)" + 2^a-V = 0, 

which from (1) becomes, multiplying by AS"a7r, 

{2Sa7r- ay (tt - a^SairY + 2S'a'7rSa''7r = 0. 

This equation at once reduces to 

27r'ASa^ - ttV + S'air = 0, 

an equation which, when 4a is written in place of a, becomes 
identical with that obtained in Art. 37. Ex. 8, 

The locus is therefore a cissoid, the diameter of the generating 
circle being AD. 

56, It will probably have suggested itself to the reader, that 
there exists a large class of problems to which the processes we 
have illustrated are scarcely if at all applicable. Hence there 
may have arisen a contrast between the Cartesian Geometry and 
Quatei*nions unfavourable to the latter. To remove this un- 
favourable impression, all that is required in a reader familiar with 
the older Geometry is a little experience in combining the logic 
of the new analysis with the forms of the old. He will then see 
how simple and direct are the arguments which he can bring 
to bear on any individual problem, and consequently how little 
the memory is taxedw 
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We propose in tliis Article to put the reader in the track 
of employing his old forms in conjunction with quaternion 
reasonings. 

We shall work several examples on the parabola and the 
hyperbola. Having applied quaternions pretty fully to the 
ellipse in what has preceded, we will limit ourselves to a single 
example in this case. 

1. The PivraboloH, If the unit vector along any diameter of 
the parabola be a, and the unit vector parallel to the tangent at 
its extremity be j3 ; we may write the equation of the parabola 
under the form 

p^oca + yP 

=^'«+y^ (!)• 

For the particular case in which the diameter in question is the 
axis, and the tangent at its extremity parallel to the directrix 

p=^«+y^ (2), 

where a is AS (Art. 52). 

This is the most convenient form when the focus is referred 
to. 

In other cases a somewhat simpler form may be obtained by 
supposing a, or if necessary both a and /3 of equation (1) to 
be other than unit vectors. 

The equation may then be written under the form 

P^^^^ + tp (3). 

To find the equation of the tangent, we have 



.../-p = (^.^)(?l±?a + ^). 
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Now p'—p is a vector along the secant; and its limit is a 
vector along ihe tangent: hence any vector along the tangent 
is a multiple of ta + P; and the equation of the tangent may 
be written 

w==^a + tp + x(ta + P) (4). 



Examples. 

Ex. 1. If AP, AQ he chords drawn at right angles to one 
another from A ; PM, QN perpendiculars on tJie axis, then the 
lattcs rectum is a mean proportional between AM and AN; or 
between PM and QN, 

liPM=y, QN=y\ 

AP=^a^yP,AQ = £a^y^^ 



Now S(AP.AQ) = (22.7); 

(4a) 

therefore also a»j' = (4a)*. 

Ex. 2. If the rectangle of which AP, AQ are the sides be 
completed, the further angle will trace out a parabola similar to 
the given parabola, tlie distance between tlie two vertices being equal 
to twice tJie lotus rectum. 

p=AP+AQ 



4ca 
Aa 



0'+(y-'f/)P + Saa, 



Ex. 3. The circle described on a focal chord as diameter touches 
the directrix; and tJie circle described on any other chord does 
not reach the directrix* 

T. Q. 8 
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Let PQ be anr/ chord, centre 0, 

The equation of the circle "Vf ith centre 0, radius OF^ is 
/ AQ + AP\' /AQ^AP\^ 

or p'-S(AP + AQ)p+S{AP.AQ)^0. 
At the points in which tliis circle meets the directrix 



or 



«'-(y^y)-^'=-@.ay. 



Tills equation is possible only when 
i. e. when the chord is a focal chord. 

V "4" t/' 

In this case the two values of z are equal, each being ^ ; 
and the directrix is a tangent to the circle. 

Ex. 4. Two parabolas have a common focvs arid axis ; thevr 
vertices are turned in opposite directions. A focal chord cuts 
them in PQ, P^Q, so that PP'SQQ' are in order. Prove (1) that 
SP.SF = SQ.SQ^; (2) that SP : SQ' is a constant ratio; and 
(3) that the tangents at P, P' are at right angles to one anoth&r. 

The equations of the parabolas are 



.» 






the focus being the origin. 
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Now since p, p are in the same straight line when the common 
chord is the focal chord, we have 

Taking the former factor, we must have y, y' on the same 
side of the axis with a constant product ; therefore 

The second factor gives SP : SQ^ a constant ratio a : a\ 

Lastly, by Equation (4), the tangent vectors at P and P' are 
parallel to 

Now ^(^a + ^)(-^a.^) = ^,-l=0; 

therefore the tangents are at right anglea to one another. 

Ex. 5. If a triangle be inscribed in a parabola, the three 
points in which the sides are met by the tangents at the angles lie 
in a straiglU line^ 

Let OPQ be the triangle. 

Take as the origin, then 

t^ 

^ = -(i+tp + x(ta+fi)y 






8—2 
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are the vectors OP, OQ, and the equations of the tangents at F 
and Q. 

If QO meet in A the tangent at P, 

OA = ^a + tp + x{ta + P) 

= yOQ 



t' 



$'» 



t+x = t'y, 

Similarly if the tangent at Q meets PO in B, 

If the tangent at meets P$ in (7, 
OG=OP-¥z{PQ) 
= OP + z{OQ''OP) 

But OG=vP] 
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and ,0G = ^-^^. 

Now ^lzioA-^-^OBJ-^OG=Q, 

, , 2<-«' 2t'-t e-t'^ ^ 

and also -— -, 7r~"=^> 

V V to 

therefore (Art. \2) A, B, G are in a straight line. 

2. The ellipse. If a, )9 are unit vectors along the axes, the 
equation of the ellipse may be written 

V 

where y* = -, (a* - a") = m (a* - ic*) ; 

and the equation of the tangent will be readily seen to be 

IT = aa + yjS + X(ya — majjS). 
A single example will suffice. 

Ex. If tangents he drawn at three points P, Q, R q/" an 
ellipse intersecting in R', Q', P', prove that 

PK, QF. tiq = PQ\ QBf. RF. 

If 0?, y; X, y' \ x\ y" are respectively the co-ordinates of 
F, Qf B ; we shall have 

CF = xa-¥y^ + X (ya - mx^) 

.-. x + Xy = a/ + Xy, 
y — mXx = y' — mX'x' ; 
.'. mX{xfy-'y'x)==^mx*'¥y'^'~mxx''~yy^ 

= 6* - mocat! - yy\ 
Hence mX' {x^ — x'y) = 6* — mxai — y^ 

= — mX {xif — dy) ; 
.-. X = -X', 

r=-r for ©', 

^ = -^forP', 
and XTZ^-X'YZ. 
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K- X PR . 

lienoe the propotntion. 

3. Tht hyperbola. If a, p are unit Tecion panllel to the 
eajriDptates CX, CT, the equation of the hyperbola maj be wiitten 

p = xa'^yp 



Binoe 



xy^—r—^C. 



If a, P he not both units we may write the equation under 
the simpler form 

/»=<«+f (1). 

To find the equation of the tangent, we have as usual a yector 
parallel to the secant 

.,'-,.(<'-<)(.-f) 



=(^')('-D- 



and a yector parallel to the tangent will be 

ta-i 

t 



(2). 
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Hence the equation of the tangent is 

('-f) "(3)- 

CoE. It is evident that 



V 



are conjugate semi-diameters. 

Examples. 

Ex. 1. One diagonal of a parallelogram whose sides are the 
co-ordinates being the radivs vector, the ot/ier diagonal is parallel to 
the tangent. 

We have CJ^^ ta, NQ = ^, 

V 

GQ = ta-^^, 
and the other diagonal is 

which, equation (2), is parallel to the tangent at Q. 

Ex. 2. An9/ diameter OF bisects all the chords which are pch 
robUel to tite tangent at P. 

LetCPbe ta + ^ , 

t 

then the tangent at P is parallel to 

ta-i; 

.: CQ = CV+rQ = z(ta + ^+T(ta-^. 

But as Q is a point in the hyperbola, this equation must have 
the form 
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.'. {X+T)t=T, 
(X-T)] = ^, 

and Z'-r'=l, 

an equation which gires two eqoal ralaes of T with oj^toeite 
■ignii, for every Talue of X. 

Hence all chords ore bisected. 

CoE, Z»- J»=l is 



\CP) \GU) ' 



CD being ta-^^FO. 

t 

This is the ordinary equation of the hyperbola referred to 
conjugate diameters. 

Ex. 3. If TQj TQ[ he two tangents to the hyperbola intersect- 
vng in R and terminated at T^ T^ Q^ ^ hy the asymptotes ; then 
(1) T^ is parallel to TQ; (2) a/rea of triangle TRT'^area of 
triangle QRQf, and (3) CR bisects TQ and TQ. 

The equation of the tangent 

»=:<a + ^ + X 



f-('-f)- 



gives 

CT^ 2ta, 

(the coefficient of ^ being 0), 

cr=2i\ 

QT'A{p.tt'-p)i 
therefore ^T is parallel to QT. 



\ 
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Again, GIi=CQ + QR=CQ +x (CT-^ CQ) 



Also CR = ^-+a^2(at'-^; 



J At 



• . itC X V m 



x = 



t + f' 



X = 



and aa?'=(l-a;)(l-a9, 

i.e. QR.Q'R = RT,R'T, 
and the triangles TRT\ QRQ' are equal. 



-ff.(^40. 



or CR is in the direction of the dingonal of the parallelogram of 
which the sides are CT, CQ' \ and therefore CR bisects TQ^ 

and rq. 

Ex. 4. If through Q, P, Q paraUeU he drawn to CX meeting 
CY in JE, F, G ; CB, CF, CG a/re in continued proportion. 

CF = ta + ^; 



.'. cQ=cr+rQ 

.x(u.f).r(<.-f). 
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and CE.CG = CF'; 

because Z" - 7* = 1 (Ex. 2). 

Ex. 5. If a cluyrd of a hyperbola he one diagonal of a 
parallelogram whose sides are parallel to tlie asymptotes, the other 
diagonal passes through the centre. 

Let the chord be PQ ; p, p the vectors to P and Q ; then 

Now when one diagonal of a parallelogram is ma + wj9, tho 
other will be ma — n^. 

Therefore in the case before us, the other diagonal is 



„(,_,')-^(]-J,) 



And it is therefore in the same straight line with the line 
which joins the centre of the hyperbola with the middle point 
of PQ ; whence the truth of the proposition. 
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Ex. 6. If two tangents to a hyperbola at the extremities 
Qj Q' of a diametery meet a tangent at P in the points Ty T'; 
and if CDy Ciy a/re the semi-diameters conjugate to CF, CQ ; 

«Aen (1) PT : QT :: PT' : (^T' :: CB : CD'; 

and (2) PT.PT^CB'. 



C5^=a« + S+a 



If ty t\ - 1\ correspond to P, Qy Q\ then 

"'*?**'(«'-f). 

gives t + xt = t^ + x'f, 







1 a; 1 a' 
t t't'"!' 








Similarly 


cr 




gives 




1 y_ 1 y' 


•whence 




y-i^r-y- 


Now 




X : y •.: ai -. 'tf 


gives 


PT : QT :: PT" : QT' 






:: CD : Ciy. 


And 




«y = l 


gives 




FT.Pr=C'U^. 


COE. 




«y=i, 


gives 




QT.qr=^ GD\ 
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Ex. 7. Straight lines move so that the triangular area which 
they cut off from two given, straight lines which meet one anjoiher 
is constant: to find tJie locus of their ultimate intersections. 

Let OAA', OBB' be tlie fixed lines, AB, A'E two of the moving 
lines with the condition that 

OA.OB = OA' . 0B\ 
K a, j3 be unit vectors along 0-4, OB, 

OA = taL, 0B = ul3; OA' = t'a, OB'^u'p, 
the point of intersection of AB, A B' gives 

p = ta + x (ufi — to) 
= ia. + X {u'P - ia), 
.*. xu^afuy 
and t{\-x) = tf{\-x') 

X7l\ 



=''('-f)- 



Now tu = t'u' = c because the triangle has a constant area ; 

.: x= j-^, = 2 ultimately; 

1 1 . 1 ^ 1 cj8 

the equation of a hyperbola. 

Additional Examples to Chap. VII. 

1 . In the parabola aST* = SF.SA, 

2. If the tangent to a parabola cut the directrix in 7?, SR is 
perpendicular to SP. 

3. A circle has its centre at the vertex -4 of a parabola whose 
focus is S, and the diameter of the circle is 3AS, Prove that the 
common chord bisects AS. 

4. The tangent at any point of a parabola meets the directrix 
and latus rectum in two- points equally distant from the focus.- 
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5. The circle described on SP as diameter is touched by the 
tangent at the vertex. 

6. Parabolas have their axes parallel and all pass through 
two given points. Prove that their foci lie in a conic section. 

7. Two parabolas have a common directrix. Prove that 
their common chord bisects at right angles the line joining their 
foci. 

8. The portion of any tangent to the parabola between tan- 
gents which meet in the directrix subtends a right angle at the 
focus. 

9. If from the point of contact of a tangent to a parabola 
a chord be drawn, and another line be drawn parallel to the axis 
meeting the chord, tangent and curve ; this line will be divided 
by them in the same ratio as it divides the chord, 

10. The middle points of focal chords describe a parabola 
whose latus rectum is half that of the given parabola. 

11. FSQ is a focal chord of a parabola : FA, QA meet the 
directrix in y, z. Prove that Pz, Qy are parallel to the axis. 

12. The tangent at i> to the conjugate hyperbola is parallel 
toCP. 

13. The portion of the tangent to a hyperbola which is in- 
tercepted by the asymptotes is bisected at the point of contact. 

14. The locus of a point which divides in a given ratio lines 
which cut off equal areas from the space enclosed by two given 
straight lines is a hyperbola of which these lines are the asymp- 
totes. 

15. The tangent to a hyperbola at P meets an asymptote 
in T, and TQ is drawn to the curve parallel to the other asymp- 
tote. PQ produced both ways meets the asymptotes in R, R : 
RR is trisected in P, Q, 
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16. From any point E of an asymptote, EN", EM are drawn 
parallel to conjugate diameters intersecting the hyperbola and its 
conjugate in F and B, Prove that CF and CD are conjugate. 

17. The intercepts on any straight line between the hyper- 
bola and its asymptotes are equal. 

18. If QQ^ meet the asymptotes in E, r, 

EQ,Qr = FO', 

19. If the tangent at any point meet the asymptotes in X 
and T, the area of the triangle XCY is constant. 



CHAPTER VIIL 

CENTRAL SURFACES OF THE SECOND ORDER, PARTICULARLY 

THE ELLIPSOID AND CONE. 

56. ^^ miipsoid. Tn discussing central surfaces of the 
second order, we shall speak as if our results were limited to the 
ellipsoid That such limitation is not, in most cases, necessarily 
imposed on us, will be apparent to any one who has a slender 
acquaintance with ordinary Analytical Geometry. We adopt it 
in order that our language may have more precision, and that, in 
some instances, our analysis may have greater simplicity. If the 
centre be made the origin it is clear that the scalar equation can 
contain no such term as A Sap, for the definition of a central sur- 
face requires that the equation shall be satisfied both by + p and 
by -p. 

If we turn to the equation of the ellipse (Art. 43), we shall 
see at once that the equation of the ellipsoid must have the form 

ap' + bS'ap + 2cSapSpp + . . . = 1. 

Now if, as in the Article referred to, we put 

<l>p = ap'h haSap + c {oJS^p + pSap) + . . . 
we shall have 

Spff>p = ap' + hS'ap + 2cSapS^p + . . . 

= 1, 
the equation required. 

It will be seen that, as in Arts. 32, 33, one form of the equa- 
tion of the straight line was found to coincide exactly with the 
equation of a plane, so a form of the equation of the ellipse 
coincides exactly with the equation of the ellipsoid. 



128 QUATERNIONS. [CBL VUL 

It is evident that the three properties of <l>p given in Art. 44 
are true of 0/) in it3 present form. 

57. To find the equation of the tangent plane. 

Let a secant plane pass through the point whose vector is p ; 
and let />' be the vector to any point of section. 

Put p' = p + p, where ^ is a vector along the secant plane ; 

then Sp'kI>p = aS' (p + j8) (p + )8). 

Hence, observing that (44) 

0O>+^) = 0p+0A 

and Spi>P = SPkI>p, 

we have Sptj^p = Sp<f>p + 2SP4>p + SP4>^ ; 

i.e. 2SP4>p + Sp^P=0. 

Now (45), as the secant plane approaches the tangent plane, 
the sum of these two expressions approaches in value to the first 
alone : that is, for the tangent plane, Sp<j>p = 0, where )S is a vector 
along that plane. 

If TT be the vector to a point in the tangent plane, 

TT = p + asjS j 
. •. S{v-p)<f>p=^ xSp<f>p 

= 0, 
and SiTifip = aSp0p 

= 1 
is the equation of the tangent plane. 

Cor. <^p is a vector perpendicular to the tangent plane at the 
extremity of the vector p. 

58. If OF be perpendicular from the centre on the tangent 
plane; then, since <^p is a vector perpendicular to that plane, 
OT=x<f>p and aSj5c(<^p)*= 1, giving 

0Y=T(x<I>p) = t4'. 

Sir W. Hamilton terms ^p the vector qfproodmit^. 
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59. If tangent planes all pass through a fixed point, the 
curve of contact is a plane curve. 

Let T be the fixed point ; vector a ; p the vector to a point of 
contact. 

Then (Art 57) Saf^p = 1 ; 

i. e. Spi^ = 1 (44. 3), 

itrhich is the equation in p of a plane perpendicular to <^a. 

Now ^a is the normal vector of the point where OT cuts the 
ellipsoid ; 

.*. the curve of contact lies in a plane parallel to the tangent 
plane at the extremity of the diameter drawn to the given point. 

The plane of contact is called the polar plane to the point. 

60. Tangent planes are all parallel to a given straight line, 
to find the curve of contact. 

Let a be a vector parallel to the given line j then 

TT = p4-a;a 

is a point in the tangent plane ; 

.'. S(p + xa)<l>p = 1 ; 

and Satjip = 0, 

or iSp<^ = 0, 

the equation of a plane through the origin perpendicular to <^a : 
that is, the curve of contact lies in a plane through the centre 
parallel to the tangent plane at the extreniitj of the diameter 
which is parallel to the given line. 

61. To find the locus of the middle points of parallel chords. 
Let each of the chords be parallel to a, tt the vector to the 

middle point of one of them ; then ir + a;a, v — xa are points in 
the ellipsoid. 

From the first, 

iS'(7r + a;a)<^(7r+a;a) = 1 (Art. 56) ; 

i. e. /S^ir<^ + 2xS7r<f>a + aj'/Sa^ = 1. 
T. Q. 9 
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From the second, 

SiTflnr - 2xSir<l>a + fic'/Sa^ = 1 ; 
••. subtracting) Sir<l>a =0 (1), 

i. e. the locus is a plane through the centre perpendicular to ^, 
or parallel to the tangent plane at the extremity A of the diameter 
which is drawn parallel to a. 

If we call this the plane BOO, B and G being any points in 
which it cuts the ellipsoid; and if OB = Py OC = y, we shall have 

and therefore SaKJi/S = 0, 

or a satisfies the equation /S^tt^jS = 

of the plane which bisects all chords parallel to OB (Equation 1). 
Let AOC he this plane which bisects all chords parallel to OB, 
Then, since OC or y is a vector in it, 

Sy<l>P = 0, i.e. SI3<l>y = 0. 
But we have already proved that 

Sy<l>a = 0, ie. Sa<fyy = 0, 
because y is in the plane BOG ; 

.*. by equation (1) a, )3 both satisfy the equation of the plane 
STr<fyy = 0, which is the plane .bisecting all chords parallel to y ; 
that plane is therefore the plane AOB : we are thus presented 
with three lines OA, OB, OG such that all chords parallel to any 
one of them are bisected by the diametral plane which passes 
through the other two. 

We may term these lines conjugate semi-diameters, and the 
corresponding diametral planes conjugate diametral planes. 

It is evident that the number of conjugate diameters is un- 
limited. 

CoR. We have the following equations : 

Sakt>l3 = = S^kIxl, 
SI3<f>y = = Syil>l3, 
JSa^^ = = Sy<l>a (2). 
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They shew that y is perpendicular to both ^ and ^j9, and is 
therefore a vector perpendicular to their plane ; hence, as in 34. 4, 

In the same way, since ifty is perpendicular to both a and P, we 

have 

fh^yVaP; 

or, neglecting tensors, we have the following vector equalities : 

y^V4>a4>py P=r<l>a<lr/, a^F^jfff^, 

<Ay=ra^, ^jS-Fay, ^=r^y (3). 

Kote also 

upon which Hamilton founded his solution of linear equations. 

62. If as iii Art. 47 we write — ^p for ^p, ij/p being still a 
vector, the equation of the ellipsoid assumes the form 

I e. (44) StJ/ptl/p = - 1 

- (ipy=-T{^py^-i (1), 

which, if we put cr= ^p, becomes T(r= 1, the equation of a sphere. 

Hence the ellipsoid can be changed into the sphere and vies 
versd, by a linear deformation of each vector, the operator being 
the function if/ or its inverse. 

The equations 

Sa<t>p = 0, &c. 

now become SaiJ/'P = 0, 

i.e. Sil/a\lfP = Oy <fec., <fec (2). 

(1) and (2) shew that i/ra, ij/p, ^ are unit vectors at right angle 
to one another. 

If we term the sphere Ta = 1 the unit-sphere, we may 
enunciate this result by saying that the vectors of the unit- sphere 
which correspond to semi-conjugate diametersf form a rectangular 
system. 

9—2 



I 
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63- Let us now take i, j, k unit vectors along the principal 
axes ofxy y, z; then we shall have 

p = a» + 3(;+a* , t- -i-W* 

so that for the sake of transformations in which it is desirable 
that the form of p should be retained, we may write 

p = -{iSip'+jSjp + kSkp) (2); 

and as ^p is a linear and vector function of p, its vector portions 
along the principal axes will be multiples of 

iSipy jSjpy kSkp ; 
we may therefore write 

w^"S^"*""F" ■*■"?" ^^^' 

the form a' having been assumed in order to make the equation 

iSp<^p = 1 
coincide with the Cartesian equation 

a" y" «" T 
a c 

As <^p = -t/r?/rp (4), 

we require to take ^p so that performing the operation ^ twice 
on p shall give the same result (with a — sign) as performing the 
operation ^ once. 

Now a comparison of equations (2) and (3) will shew thaf 

the latter operation introduces -, &c. into p; it is evident 

therefore that the former operation (if/) is to introduce - dbc. or 



a 



*.-(^ 



iSip ^ jSjp ^ kSkp\ . 
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It may perhaps be worth while to verify this result. We have 

a\ a e / 

a 

/{Sip ^ jSjp ^ kSkp\ 
\ a* b* c* / 

, iSi<l}p JSj4>p kShl>p 

/iSip jSjp hSkp\ .g. 

="V'^'""F'^ "?";••••• "^ ^' 

4>"p=^a'iSip + h'jSjp-hc*kSkp (7), 

because ^^~V produces p. 

ij/'^p = — (aiSip + hjSjp + ckSkp) (8), 

p = il/'^if/p = — (aiSiif/p + hjSj^p + ckSk^p) (9). 

It is evident that the properties of Art 44 apply to all these 
functions. 

64* Examples. 

Ex. 1. Find the potrU on an dlipsaid, the tangent plane at 
which ctUa off equal portions /rom the aacea. 

Let Xj y^ z be the coordinates of the point, p the portion cut 

off, then 

p^xi + yj-¥zk. 

Now pi^ pjy pk are points on the tangent plane ; 

.'. Spuf>p = ly 
which gives 
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or 



px 



a' 



Similarly ^=1, 

o 



pz 



^=1 



X y 



a* V <J" jp J^?T¥+7' 

■ 

Ex. 2. ^o ^7m2 <Ae perpendictda/^ from the centre of the 
dlipsoid on a tangent plane. 



07*=(t^; (Art. 58) 



Ex. 3. To find the locus of the points of contact of tangent 
planes which make a given angle with the aads ofz. 

We have 

JSkU{<l>p)=p, 

Sk<f>p =pT4>p, 



or 



z* fo^ «/* s^ 



the equation of a cone whose axis is that of z and guiding curve 
an ellipse whose semi-axes are a', V. 

The intersection of this surface with the ellipsoid is the locus 
required. 

Ex. 4. To find, the loms of a point when the perpendicular 
from the centre on its polar pla/jrie is of constant length* 

Let IT be the vector to the point, then 

/Sp^TT = 1 is the equation of the polar plane (Art. 59), 

and ^ T- is the length of th^ perpendicular on it (Art. 58) ; 
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/. S (^tt)* = — C*, by the question. 

But since (44) 

JSofjiTr = Sirfl>Of 
if 8 be <fiWf 

S<l)iir<l>ir = /SV^^Tr = aS'tt^V ; 

.•. /S'jr<^V = — C7* is the equation required ; 
hence the Cartesian equation is (63. 6) 

a c 

Ex. 5. T?ie 8imb of the squ^area of three conjugate, semi-dia- 
meters is constcmt. 

Let a, 13, y be the semi-diameters ; xjra, xl/fi, i/ry are rectangular 
Unit vectors (Art. 62). 

Now a = — (aiSiij/a + hjSj\ffai + ckSkil/a) (63. 9) ; 

.-. (Tay =^-a'= a» (Siiffay + b' (Sjil^ay +<^{Skilray, 

( T^y = a» (Sixif/sy + b' (Sjiif^y 4- c« (/S'A?i/r^)', 

(Tyy = a« (;S%)« + b' {Sjxifyy + c« (a^A?i/7)« ; 

adding, and observing that 

(Siij/ay + (siiif/sy + (AS'i./7y =1 (31. Cor.), 

we get 

(Tay + {Tpy + {Tyy = »« + 6« + c*, 

i.e. a'" + 6" + c'« = a' + 6' + c«. 

Ex. 6. The sfwra of the squa/res of the three perpertdicvla/rs from 
Hie centre on three tangent planes at right angles to one another is 
constant 

We have 

p = ^-'<^p = aHSi<l>p + b^jSjfl>p + c'kSk4>p (63. 7), 

and # = - {^Si4>P -^jSj^lip + kSk<l>p) (63. 2) ; 

.-. Sp<i>p = i = a' {Si<t>py + b^ {Sj<i,py + c« (aSAj^^p)' 

^{T<i,py{a'{Siu<i>py+b'(Sju<f>py + c'{SkU<^pY\\ 
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hence if p, p', p" be three vectors so that <f>p, <l>p\ if>p'^ are at right 
angles to each other ; that is, so that the tangent planes at their 
extremities are at right angles to one another (57. Cor.). 

1 1 1 

(r<^p)» "■ (TV)' ■" (T<f^py 

= a' {(SiUif^pY + (SiUii>py + {SiUfi>py} 

+ 6»{(^'i7<^p)»+.. .} + ... 
= a« + 6« + c* (31. Cor.). 

But jfwrr^, <fec. are the perpendicnlars from the centre on the 
(i<f>P) 

tangent planes at p, p\ p" (58). Hence the proposition. 

Ex. 7. Th^ 8um of the sqwxrea of (he projections of three con- 
jugate diameters on any of the principal axes is equal to the square 
oj thai, axis. 

Let a, ^, y be conjugate semi-diameters ; then, since 
a = - (aiSixjfa + bjSjil/a + ckSkfa) (63. 9), 

Sia = aSiij/oL, 
Similarly, Sip = aSuj/P, 

Siy = aSujry ; 
.-. {Siay + (Si^y + {Siy}' = a« {(Snl;ay + {Sixl^^y + (aS'^)"} 

= a» (31. Cor.), 
because tj/a, ^fi, ^jr/ are at right angles to one another (62). 

But —Sia is the projection of Ta along the axis of x; and 
similarly of the others. Hence the proposition. 

Ex. 8. Tlie sum of the reciprocals of the squares of the three 
perpendiculars from the centre on tangent planes at the extremities 
of conjugate diameters is constant. 

Let Oy^, Oy^^ Oy^ be the perpendiculars. 
\ = -(«^)' (58) 



Oy,' 



= »'h-(M%W (63.3); 



ART. 64.] CENTBAL SURFACES OF THE SECOND ORDER. 137 

Oy," «* "^ 6* "^ 0* ' 

1 (%)' , (SjyY (Shy)' . 
C^' o* 6* c* ' 

Ex. 9. If through a fixed point within an ellipsoid three 
cJiOTda he drawn nvuiually at right angles^ the sum of the recipro- 
oale of the prodvjCta of their segments wUl he constant. 

Let be the vector to the given point ; a, )3, y unit vectors 
])aral]el to three chords at right angles to each other. 

Then + xa = p gives 

S (O+xa) <li {$ + xa) = 1 

a quadratic equation in x, the product of whose roots is 

SaiJKL ' 

.', the product of the reciprocals of the segm'ents of the chord is 

1 Sa6a 1 

and the sum of the reciprocals of the products of the segments is 

1 (Sa^a SP<f>p Sy^rA 

vr • o J. (^^y (^?^y (^^*^y /«q « ox 

Now since Sa6a = — ^ + ^-4r^ + » (63. 2, 3), 

a o c 

the sum of the reciprocals of the products 
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l{(^y^ }] 



+ 

C" 



I^ih^p-"^^ (31. Cor.). 



se<i>e 

Ck>B. If be not constant, but SOtjiO be so, i. e. if the given 
point be situated on an ellipsoid concentric with and similar to the 
given ellipsoid, the same is true. 

Ex. 10. If the poles lie in a plane parallel to yz, the polar 
phmea cut the axis of x always in the sarne point. 

Let pi be the distance from the origin of the plane in which 
the poles lie, 8 any line in that plane, then ir =jpt + 8 is the vector 
to a pole, and 

Sp4^ {pi + 8) = 1 (59) 

the equation of the corresponding polar plane. 

At the point where this plane cuts the axis of a?, 

p = xi; 

. •. Spodffd + xSifjiB = 1 . 

Kow 8 is a vector in a plane perpendicular to ^i, 

and Siffd = constant = n suppose ; 

.*. npx= 1, 
which shews that x is constant. 

Ex. 11. Af B and G are three similar and similarly 
sittmted ellipsoids; A amd B a/re concentric^ and C has its centre 
on the swrface of B, To shew that the tangent plane to B at this 
point is parallel to the plane of intersection of A and (7. 

Let a be the vector to the centre of C, 

SpKl>p = a the equation of A^ 

Sp<l>p = h B, 

/S'(p-a)^(p-a)=c C. 
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Now at the intersection of A and C, p la the same for both ; 
therefore the equation of the plane of intersection is to be found 
bj subtracting the one from the other. 

It is therefore 2Sp<l>a = Satjia + a - c ; 

and the equation of the tangent plane to ^ at the centre of C is 

SiTffia = b } 

.*. both planes are perpendicular to ^a, and are consequently 
parallel. 

Ex. 12. If through a given point chords be d/rawn to an 
ellipsoid, the intersections of pairs of tam>gent planes ai their ex- 
tremities all lie in a plane parallel to the tangent pla/ne at the 
extremUy of the diamieter which passes through the point. 

Let a be the vector to the point ; a + x^p, a + x^P, the vectors 
to the points of intersection with the ellipsoid of chords parallel 

to j8 ; then 

^7r<^ (a + xfi) = 1, 

Sirtf, (a + x^) = 1, 
are the equations of the tangent planes at these points. 

At the intersection of these planes le is the same for both ; 

.'. subtracting we get 

STr4>p = 0, 

Sw<f>a = 1. 

The last equation is that of the line of intersection of the tan- 
gent planes; and that line is perpendicular to ^a, or (57. Cor.) 
parallel to the tangent plane at the extremity of the diameter 
which passes through the given point. 

CoR. SiTfjip = shews that the line of intersection correspond- 
ing to any one chord is pai'allel to the tangent plane at the 
extremity of the diameter which is parallel to th^t chord. 

Ex. 13. Two similar and similarly situated ellipsoids a/re cut 
by a series of ellipsoids similar and similarly situated to the two 
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given ones ; and in mich a manner thcU the planes of intersection 
are at right angles to one (mother. Shew that the centres of the 
cutting ellipsoids lie on another ellipsoid. 

Let Sp<l>p = l (1), 

S(p^a)<f,{p-a)^0 (2), 

be the given ellipsoids ; 

S(p-ir)il>{p-ir) = x (3>, 

one of the catting ellipsoids. 

<l> is the same for all because the ellipsoids are similar. 

The plane of intersection of (1) and (3) is found by subtracting 
the equations ; and is therefore 

2Sp<liTr = aSW^tt + 1 — a;. 

The plane of intersection of (2) and (3) is 

2Sp {ffiTT - ^) = /S^T^ir - Safjia -hC-rX, 

The former of these planes is perpendicular to ^tt and the latter 
to ^ir — ^a ; and, since by the question, the foi-mer is perpen- 
dicular to the latter, (jyir is perpendicular to ^ir - ^ 

the equation of the locus of the centres of the cutting ellipsoids. 

This equation will be reduced to the requisite form by ob- 
serving that 

Sif}irfl>Tr = /Stt^^j^tt = Sv^^ir 

.-. /y(ir-a)^V = 0, 

the equation of an ellipsoid of which the semi-axes are propor- 
tional to 

a\ h\ e (63. 6). 

The Cartesian equation is 
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Ex. 14. If a tangerU plane he drawn to the inner of two 
similar concentric and simUarly situated ellipsoids the point of 
contact is the centre of the elliptic section of the oiUer ellipsoid. 

Let *^p4i^ = 1 be the equation of the inner, 

a^Spifip = 1 of the outer ellipsoid. 

The tangent plane is Smf^p = 1. 

Now if <r be the vector to the elliptic section measured from 
the point of contact, «- = p + o* is a point in the outer ellipsoid ; 

But Sa<l>p = (57. Cor.) ; 

/. a* + a'Sa<lxr = 1, 



a 



1- 



<a 



5 Soflxr = 1, 



the equation of an elli[>se of which the centre is the point of 
contact. 

Ex. 15. Find the eqtiation of the curve described hy a given 
point in a line of given length whose extremities move in fixed 
straight lines. 

First, let the straight lines lie in one plane. 

Let unit vectors parallel to them be a, /S, 

Let the vectors of the extremities of the moving line be 
xoj yP, and its length I, Then the condition is 

{yP'Xar»-l% 
or a* + y* + 2xySaP = P (1). 

The vector to a point which divides this line in the ratio 

e : 1 is 

p = xa-\-e {yP - xa) 

= ica (1 — e) + eyP ; 

••. Sap = ~{l-e)x-\-eySaPf 
Spp = {I " e) xSaP -^ ey .y 
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, Sap + SapSjSp SI3p + Sap Sap 

"^^^""^^ *-(l-e)(^a)8-f)' 2^= eiS'aP^l) ' 

which values being substituted in equation (1) give the required 
equation, viz. : 

(Sap-^-SaPSppY (Spp + SapSapY 
{l-eY "^ e" 

i-2-^^{Sap + SaPSPp)(SPp-hSapSap) 
e(i -e) 

^r{S'ap-^iY. 

But p is subject to the additional condition (31. 2. Cor. 2) 
S.aPp = ; and the locus is a plane ellipse. 

When the given straight lines are at right angles to one 
another, the equation is much simplified, for 

SaP = 0; 
and our equations are 

Sap = — {l—e)x, S^p = -ey; 

Whence OM. + (iM^;. 

wnence ^^ _ ^^, + _^ - 1 , 

an ellipse of which the semi-axes are le aad ^ (1 ~ e). 

Generally, if the given lines do not meet, let the origin be 
chosen midway along the line perpendicular to both ; then we 
have 

{y + xa-{-y + y^)Y = -l', 

y and — y being the vectors perpendicular to the lines, 

p = (y + aa) (1 -e) + e{-y+f/P). 

The^rst gives 

4y'-^{xa-yPY = 'l'; 

and the second gives, as in the simpler case above. 

Sap = — (1 — e) 05 + eySaPy 

Spp ^ (1 " e) xSaP -^ ey. 
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Hence the elimination of x and y again leads to the equation 
of an ellipsoidy the oply dijOTerence being that P ia diminished by 
the square of the shortest distance between the lines ; i. e. the 
^axes are less than in the former case. 

In the extreme case, where 1= 2Tyy the equation cannot be 

satisfied except by 

« = 0, y = 0, 

(L e. the locus is reduced to a single point), unless indeed we have 

for then (c = * y, 

and the locus is a straight line parallel to each of the preceding 
lines. 

65, ^^ cone. 

1. To find the equation of a cone of revolution whose vertex 
is the origin 0, 

Let a be a unit vector along the axis OAy 

p the vector to a point F on the surface of the cone ; 

ihen Sap »-Tp cos 0, 

being the angle POA, 

But this angle is constant, 

.*. S^ap = c^p^ is the equation required. 

2. The equation of a cone which has circular sections, but 
which is not necessarily a cone of revolution, is thus found. 

Take the vertex as the origin, and let one of the circular sec- 
tions be the intersection of the plane 

Sap = ^a' ....(1) 

with the sphere p* = Spp (2). 

Since these are scalar equations we may multiply them together; 
.and thus obtain at all the points of the circular section 

ay-hSapJSI3p = Q C^V 
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Now if xp or p' be written in place of p, the equation is not 
changed, since p occord twice on each side. It is therefore the 
required equation of the cone. 

Cor. 1. Every section by a plane parallel to /Sap= -a* is a 
circle. 

For the equation of a plane parallel to 

Sap = — a* 

is Sap=- — aa*, 

which being substituted in the equation of the cone gives 

the equation of a circle. 

Cor. 2. The plane ^)8p = -6j8' (4) 

also gives a circle whose equation is 

a'p*=:bp'Sap (5). 

These two equations give the suhcontrary sections. 

To deduce the relation between the two sections; let be the 
vertex of the cone, 0A£ the plane through a, ^; AB the line in 
which the section cuts this plane, AD that in which the sub- 
contrary section cuts it ; 

OA=p, OB = p\ OD^xp, 
We have, by (5), V" = ^ ^«f ' 

= - h^\ by (1), 
= ^/3p,by(4), 
= p',by(2); 

i.e. OB.OD^OA\ 

and the triangles OAB, OAD are similar, or AD cuts OA at the 
same angle that AB cuts OB. 

66. If <f>p = 2a'p -h aJSpp + pSap, 

the equation of the cone is reduced to 

'Sp</>p = 0. 
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It is evident that all the properties of ^p, Art. 44^ are appli- 
cable here. 

As in Art. 67, the equation of the tangent plane is 

iSir<l}p = 0. 

67* Examples. 

Ex. 1. Tangent planes are drawn to an ellipsoid from a given 
external pointy to find the cone which has its vertex at the origin^ 
and which passes through all the points of contact oj the tangent 
planes with the ellipsoid. 

Let a be the vector to the external point, p a point in the 
ellipsoid where a tangent plane through- a touches it. 

Then the equation of the ellipsoid is 

Sp4>p=l, 

and the equation of the tangent plane 

Saffip = 1, i. e. Sp^ = I* 

The equation 

Sp^^p = {Sp<t>ay, 

repres^its a surface passing through the points of contact; and 
is the cone required, 

Ex. 2. 0/ a system of three rectangular vectors two are con- 
fi/ned to given planes, to find the surface traced out by the third. 

Let iTy p, <r be the three vectors, of which two are confined to 

given planes whose equations are 

Sav^O, Spp:=0, 
to find the locus of <r. 

Since'the vector^ are at right angles, we have- 

Swp^O, Sv<r = 0, S(rp = Oy 

and we have five equations from which to eliminate v and p» 

Since Saw = 0, Sair = 0, 

TT is at right angles to both a and cr, and therefore to the plane 



a<r; or 



T. Qs 



^5^ 
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Since Sfip = 0, JSap = 0, 

p is at right angles to the plane jSo* ; therefore 

p = yVPa, 
and vp = xyVaa-VPa-, 

No-w Sirp = 0, 

therefore S . Yaxr VPa = 0, 

or S {axr^-Saxr) (Pa-SPa) = 0, 

or a*Sap-Sa<rSPir=^0, 

the equation of a cone of the second order, which has circular 
sections (65. 2). 

Cor. The circular sections are parallel to the two planes to 
which the two vectors are confined. 

Ex. 3. The equation p — fa-\- u*p + (< + w)* y = is th(U of a 
cone of the second order toriched by each of the three planes through 
OAB, OBCy OCA ; and the section ABC through the extremities of 
a^Pyy is an ellipse touched a>t their middle points by ABy BC, CA. 

1. If the surface be referred to oblique co-ordinates parallel 
to a, py y respectively, we shall have 

p = xa + yP + zy, 

therefore « = <*, y-w', z = (t-hu)\ 

or z=(Jx + Jyy = x-hy-\-2^/xyf 

which gives (« — a; — y)* = 4icy, 

a cone of the second order. 

2. If ^ = — 16, the equation becomes 

the equation of a straight line bisecting the base ABy which since 
it satisfies the equation relative to ty shews that this line coincides 
with the cone in all its length ; i. e. the cone is touched in this 
line by the plane OAB. 

Similarly, by putting t = Oy w = respectively, we can shew 
that the cone is touched by the plane BOC, CO A in the lines 
wjbdcb bisect AC, CA. 
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3. Restricting ourselves to the plane ABGy we have the 
section of a cone of the second order enclosed by the triangle 
ABC, which triangle is itself the section of three planes each of 
which touches the cone. 

Ex. 4. The equation p = ao + 6)8 + cy with the condition 
o5 + 6{J + ca = w a cone of the second order j and the lines OA, 0£, 
00 coincide throughout their length with the sv/rface^ 

!• It is evident that the equation gives 

2. That if & = 0, c = 0, the question is satisfied by 

whatever be a, therefore &c. 

Ex. 5. Find the locus of a point, the sum of the squares of 
fjoh^ose distances from a number of given planes is constant. 

Let aSSjPj = Cj, SBj)^ = C^, <fec. be the equations of the given 
planes, p the vector to the point under consideration ; then aj^S,, 
aJjSj, &c. will be the perpendiculars on the planes from the point; 
provided 

p + ajj8^.-pj, P + a;A=P>j &<5-; 

therefore SS^(p + x^S^) = C^, &c 

and «^S* = C,-SS^p, &c., 

xX-{C,-SS,pyi 

i.e. the square of the line perpendicular to the first plane from 
the given point 

/C,-SS,p\ ' 

and, by the question, 

( '^3 M + (-*^-^) -^^^ ^ constant. 
The locus is therefore a surface of th.^ «»q^iA ^x^^sc^ 
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Ex. 6, The lines which divide proportionally tJie pairs of 
opposite sides of a gauche quadrilateral, are the generating lines^ 
qfa hyperbolic paraboloid. 

Let ABGD be the quadrilateral. 

AD, BO are divided proportionallj 
in P and B, 

Let CA^a, CB = p, CI) = y; 

CB = mp, D^=mDA', 

ie. C'P-y = iii(a-y)i 

therefore BP= GF-CE = y\-m{a-y)^mp, 

p = CQ = CB+pBP 
= mP + ^{y + m(a-y)- mfi} 
= oja + yj8 + «y, say; 

therefore tc = pm, y-m-pm, «=^(l-w); 

therefore m = a + y, » = , 

*^ jc + y 

X 

z = X, 

x + y 

or (a5 + «) (x-\-y)= x, 

the equation referred to oblique co-ordinates parallel to a, )8, y. 

Pascal's^ Hexagkam. 

68. I^et be the origin, OA, OB, 00, OD, OE five given 
vectors lying on the surface of a cone, and terminated in a plane 
section of the cone ABODEF, not passing through j OX amy 
vector lying on the same sur£ice. 

Jjet 0A = a, OB = p,OG = y, OD^h, OJE=^€, OX=p. 
The equation 

s. r(raj8r8€)r(F)ffyr€p)r(Fy8Fpa)=o (i) 

« 

is the equation of a cone of the second order whose vertex is 
and vector p along the surface. For 
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1. It is a cone whose vertex is because it is not altered 
by writing xp for p. Also it is of the second order in p, since p 
occurs in it twice and twice only. 




2. All tbe vectors OA, OB, OC, OD, OE lie on its surface. 

This we shall prove by shewing that if p coincide with any 
one of them the equation (1) is sartiisfied. 

If p coincide with a, the last term of the left-hand side of the 
equation, viz. Fpo, becomes VaA^V<j?=%f and the equation ^ is 
satisfied. 

If p coincide with )3, the left-hand side of the equation be- 
comes 

S. 7{7apn€) ViVpyVep) ViVySVpa) (2). 

Now r{rpyr€p) = - ViVtpVPy), (22. 2), is a vector parallel 
to P (31. 3), call it mp ; and 

Y,{V{Vapn€)V{7yWpa)}^ 7.{7{7ap7Z€)7{7apVyi)], (22,2), 

= a multiple of 7ap, (3L 3), 
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Hence the product of the first and third vectors in expressioii 
(2) becomes 

scalar +.nFai9y 

and the second is mp; therefore expression (2) becomes, bj 31. 2, 

S . (scalar + nVafi) m/J 

= 0, 

because Vafi is a vector perpendicular to )3. 

Equation (1) is therefore satisfied when p coincides with )?• 

If p coincide with y both the second and third vectors are 
parallel to P (31. 3) ; therefore their product is a scalar, and equa* 
tion (1) is satisfied. 

The other cases are but repetitions of these. 

Hence equation (1) is satisfied if p coincide with any one of 
the five vectors a, j8, y, 8, c; Le. 0-4, OB, OC, OB, OE are vectors 
on the surface of the cone. 

3. Let F be the jpoint in which OX cuts the plane ABODE ; 
then ABCDEF are the angular points of a hexagon inscribed iu 
a conic section. 

• 

4. Let the planes OAB, ODE intersect in OP; OBG, OEF 
in OQi OCD, OF A in OR-, then 

F. raj8F8€ = 7iiOP, (31. 4X 

y .jPyTtp^nOQ, 

r.VySVpa^pOB', 
therefore 

S.riVaprSe) ViVPyVtp) V{7yh7pa) = mnpS{0P.0Q.0B)l 

hence equation (1) ^ves 

S{pP.OQ.OR) = 0, 

or (31. 2. Cor. 2) OP, OQ, OR are in the same plane. 

Hence PQR, the intersection of this plane with the plane 
ABGDEF la a straight line. But P is the point of intersection 
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Therefore^ the opposite sides (1st and 4tb, 2nd and 5tli, 3rd 
and 6th) of a hexagon inscribed in a conic action being produced 
meet in the same straight line. 

Cob. It is evident that the demonstration applies to any six 
points in the conic^ whether the lines which join them form a 
hexagon or not. 

Additional Examples to Chap. VIII. 

1. Find the locus of a point, the ratio of whose distances 
from two given straight lines is constant. 

2. Eind the locus of a point the square of whose distance 
from a given line is proportional to its distance from a given 
plane. 

3. Prove that the locus of the foot of the perpendicular from 
the centre on the tangent planer of an ellipsoid is 

(«»)" + (6y)» + (c«)» = (aj» + y* + «% 

4. The sum of the squares of the reciprocals of anj three 
radii at right angles to one another is constant. 

5. If Oy^y Oy^ Oy^ be perpendiculars from the centre on 
tangent planes at the extremities of conjugate diameters, and if 
Qi» Q%t Qz ^ *^® points where they meet the ellipsoid; then 

1 1 



'« ~ ^4 *** M *** >.4 



OY^'.OQ^' 0Y;.0Q^' 07^\0Q; a* '6*^0^ 

6. If tangent planes to an ellipsoid be drawn from points in 
a plane parallel to that of xy, the curves which contain all the 
points of contact will lie in planes which all cut the axis of z 
in the same point. 

7. Two similar and similarly situated ellipsoids intersect 
in a plane curve whoso plane is conjugate to the line which joins 
the centres of the ellipsoids. 

8^ If points be taken in conjugate semi-diameters produced^ 
at distances from the centre e^ual to p times those semi-diameters 
respectively ; the slim of the squares of tba x^f»::^saRK&ak ^ ^^'^ 
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perpendiculars from the centre on their polar planes is equal to p* 
times the sum of the squares of the perpendiculars from the 
centre on tangent planes at the extremities of those diameters. 

9. If P be a point on the surface of an ellipsoid^ PA, PB^ 
PC any three chords at right angles to each other, the plane 
ABC will pass through a fixed point, which is in the normal to 
the ellipsoid at P; and distant from P bj 

2 



T— T 



a»"^6«"^c« 



^here p is the perpendicular from the centre on the tangent 
plane at P. 

10. Eind the equation of the cone which has its vertex in 
a given point, and which touches and envelopes a given ellipsoid. 



I 



CHAPTER IX 

FORMULiES AND THEIR APPLICATION. 

• 69, Products of two or more vectors. 

1. Two vectors. The relations whicli exist between the 
scalars and vectors of the product of two vectors have already 
been exhibited in Art. 22. We simply extract them : 

{a) JSaP=^SPa. (6) VaP^^-rpa. 

(c) ap + pa=2Sap. ((Q aj8 - )8a = 2 Faj8, 

These we shall quote as formulse (1). 

2. We may here add a single conclusion for quaternion 
products. 

Any quaternion, such as aP, may be written as the sum of 
a scalar and a vector. If therefore q and r be quaternions, we 
may write 

r = Sr-\- Vr; 

therefoi'e qr = SqSr-\-SqVr + SrVq+ VqVr^ 

and S.qr=SqSr + S.VqVr, 

r.qr^SqVr + Srrq-^-V.rqrr, 

where S. VqVrls the scalar part, and V, VqVr the vector part of 
the product of the two vectors Yq, Tr. 

If now we transpose q and r, and apply (a) and (ft) of for- 

midse 1^ we get 

S.qr = S.rq \ , 
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3. Three vectors. By observing that S.ySap is simply the 
scalar of a vector, and is consequently zero, we may insert or 
omit such an expression at pleasure. By bearing this in mind 
the reader will readily apprehend the - demonstrations which 
follow, even in cases where we have studied brevity. 

S. aPy = S, {JSaP + Vafi) y 

= S.yVap, (byl. a), 

= S.y{SaP+raP) 

= S.yaP (3). 

Again, S.a^ = S,a{SPy-^rPy) 

= S{rPy.a),Q>yl.a), 

^S{Spy+rPy)a 

= S.Pya (3). 

The formulae marked (3) shew that a change of order amongst 
three vectors produces no change in the scalar of their product, 
provided the cyclical order remain unchanged. 

This conclusion might have been obtained by a different pro- 
cess, thus : 

In (2) let q = oj8, r = y, there results at once 

S.apy = S.yap. 
Again in (2) let q = yoL, r = P, there results 

S^yap=^S.Pya. 
We have therefore, as before, 

S.apy = S:yap = S.pya (3). 

4. S.aP'j^ = S.aVpy 

= -S.aVyp, (byl. 6), 

^-S.ayp (4). 

Similarly S .apy^^^-S.pay (4), 

£>ra cjclical change of order amongst three vectors changes the 
AT^ of the acalax of their product. 
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5. It has already been seen (Art. 31. 1) tHat —S. aj9y is the 
Tolume of the parallelepiped of which the three edges which 
terminate in the point are the lines OA, OB, OG whose vectors 
are a, j8, y respectively. 

We may express this volame in the form of a determinant^ 
thus: 

Let a, j8, y be replaced by 

od-^yj + zk, xi + yj + z% x'i + y^j + z'k (Art. 31. 5) ; 

Xy j/y z being the rectangular co-ordinates of A, ccf, y\ z those of i?, 
sc", y\ z' those of C, measured from as the origin; then 

S.aPy^S,{xi-^yj-^zl^ 

X (o/i + y'j + s^h) 

Now if we observe first that the scalar part of this product «s 
confined to those terms in which all the three vectors i, j, h 
appear ; and secondly that the sign of any term in the product 
will by formulse (3) and (4) be — or + according as cyclical order 
is or is not retained, we perceive that we have the exact con* 
ditions which apply to a determinant ; therefore 

.(5). 
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The volume of the pyramid OABC is one-sixth of the above. 

Note relative to the sign of the scala/r. 

Since ijk^-l (19), it is clear that if OA, OB, 00 assume the 
positions of Ox, Oy, Oz in the figure of Art. 16, /S' {OA . OB \ 00) 
will have a mirma sign, whilst the order of the letters A, B, C in 
right-handed as seen from 0. 

If now we take any pyramid whatever OABC, of which the 
vertex is 0, and assume that S {OA . OB . OC) (which, being pro- 
portional to the volume of the pyramid, we may designate OABC), 
is negative when the order of the letters A, B, G ia right-handed 
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'as seen from 0^ we shall find the following general law of signs to 
hold good whatever be the vertex ; viz. the sign of the scalar is 
miirnis or plus according as the order in it of the angles of the hose 
of the pyramid is right-handed or left-ha/nded as seen from the 
vertex. 

For example, CABO = S{GA.CB. CO) 

= >S'(a-y)(^.y)(-y) 

= - OABO, 

which is plus because OABG is minus^ and the order of the letters 
A, B, as seen from € is left-handed. 

6. r.apy=r.a{SPy+rfiy) 
* ^aSpy+r.aVpy; 

r. yjffa = F. {Syp + Vyp) a 

= aSPy-V.aryp, (l.b\ 
r= aSpy + r . aVPy, (1.6), 
^r.aPy (6). 

7. F. apy =V.{SaP+ Vap) y 

^ySap'-V.yVap; 
r.yaP^r.y{Sap+rap) 
^ySap+r.yVaP; 
therefore V . aPy + V . yap = 2ySap (7). 

8. 2r.arPy=r.a{Py-yp), {h d), 

= r.apy+r. yap-{7. ayP + F. yaP) 
= V (ajSy + iSay) - r{ayP + yap), (by 6), 
= F. {aP + pa)y F. {ay + ya)P 
= 2ySap - 2pSay, (1. c) ; 
therefore V.arPy^ySap--pSay (8). 
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9. We have, by (8), 

r.pVya^ aSPy - ySafi, 
r . yVafi = pSay -- aSPy ; 
therefore, by addition, 

F. (aFj8y + )8Fya + yFaj8) = (9), 

10. Ff ajSy = F. a {Sfiy + Vfiy) 

^ aSPy + V . aVPy, 
wHch, by (8), ^aSPy-fiSay + ySap (10). 

Another proof of this important formula is found in the 
identity 

1 1 1 1 

i^{aPy + yPd) = -^a(fiy + yP)^-p{ay¥ya) + ^y{ap'¥Pa), 

which, by (4) and (6), is the theorem itself. 

11. If in (8) we write FajS in place of a, we get 

V.VapVPy = yS{Vap.p)-pS{Vap.y) 
^yS.aPP'-pSaPy 
= "PS. a)8y (11). 

12. Four vectors. If in (8) we write Fa8 in place of a, we 

obtain • 

V(YahVPy) = yS.aip-pS.a^ (12). 

13. By (12) we have 

V{VPyVah) = is. Pya-aS. pyS. 
But F(F)3yFa8) =- F(Fa8Fi8y). 

Hence, by adding the above result to (12), we get 

hS .pya'-aS . pyh-^yS . ahp^pS .ahy = 0, 

which, by (3) and (4), if we adopt alphabetical order, may be 

written 

aS.PyB-pS.ayS-\-yS.apS-iS.apy=0 (13), 

or, ..iS.apy^^aS.pyS" p8 . ayB + yS.api.,... Q.aV 
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or, again, if we adopt cyclical order, 

aS.PyS'-'SS.aPy'^ySMP-PS.ySay 

or, filially, hS.aPy^aS.pyS-pS.ySa + yS.SaP (13). 

This equation expresses a vector in terms of three other 
vectors. The following equation expresses it in terms of the 
vectors which result from their products two and two. 

14. V{yiafi) may be written, first as F(y.8aj8), and secondly 
as V{yS.aP), and the results compared. These forms give re- 
spectively 

r{y.iap)^r.y{S.iaP+r.Sa^ 

= yS. apB + F. y {SSap - aSSp + fiSSa), by (3) and (10), 
= y/S'.a)88+ FyS/^ajS- VyaSSfi + VyPSSa; 

F(y8 . ap)= F. (^yS + Fy8) {Sap + FajS) 

= VapSyS + VySSaP + F. Fy8Fo)ff 
= VafiSyS + VySSap - F. Fai3Fy8 
= FajS^S^yS + Fy8^aj8 - SS. ojSy + yS. a)88, by (12). 

The two expressions being equated, and the common terms 
deleted, there results 

'SS.aPy= VapSyS-i- VPySaS + VyaSfii (U). 

15. S. a)5y8 = S.{S. apy + F. ajSy) 8 

:^S.{V.apy)S 

= S. (aSpy - pSay + ySap) 8, by (10), 

-=SapSyS-SaySpS'hSaSSpy (15). 

16. S{rapryi)^S.(aP-Sap){ySSyS) 

^ 8 . apyS - SapSyS 
^SaZSPy-SaySpS, by (15) (16). 

17. S.apyS^S.(raPy)8 

^S.SVaPy 

-^y.SajSy ^... (17). 
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18. Five vectors. As we do not purpose to exhibit any 
applications of the relations which exist among five or more 
vectors, we shall confine ourselves to simply writing down the two 
following expressions. 

S . apyS€ = •- S . €^Pa, 

F. ajSySc = F. cSyjffa (18). 

70, Many of these formulee might have been proved differ- 
ently, and some of them more directly, by assuming for instance 
that a, p, y are not in the same plane. In this case anf/ other 
vector 8 may be expressed in terms of a, fi, y, by the equation 

8 = iBa + yjff + «y, (31. 5); 

therefore S.pyS^xS.pya = xS.apy, (3), 

S.ySa:=^yS.ypa = --yS.apy, (4), 
S.Safi = zS.yafi = zS.al3y, (3); 

therefore SS.aPy^xaS.aPy + yPS.aPy + zyS.aPy 

= aS.PyS-pS.yBa + yS.SaP 
which is formula 13. 

71, Examples. 

Ex. 1. To express the relation between the sides of a spherical 
triangle and the angles opposite to tJiem. 

Retaining the notation and figure of Ex. 2, Art. 29, we shall 

have 

VapVPy = y' sin c . a' sin a, 

where y', a' are unit vectors perpendicular respectively to the 
planes OAB, OBO. 

Therefore F. Vafi VPy = sin c sin a . j3 sin ^. 

Also — pS. afiy = j8 sin c sin ^, (31. 1), 

where ^ is the angle between OC and the plane OAB, 

Kow these results are equal (formula 11), therefore 

sin ^ = sin a sin B. 
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Similarly sin ^ = sin & sin ji ; 

therefore sin a sin ^ = sin 5 sin A, 

or sin a : sin 6 :: sin^i : sin^. 

Ex. 2. To find the condition that the perpendiculars Jrom the 
a/nglea of a tetrahedron on the opposite faces shall intersect one 
another. 

Let OA, OB, OG be the edges of the tetrahedron (Fig. of Art 
31), a, p, y the corresponding vectors. 

Vector perpendiculars from A and B on the opposite faces are 
Vfiyt Fya respectively (22. 8). If these perpendiculars intersect 
in G, the three points A, B, G will be in one plane, whence 

S .J^ - a) ypyVya = 0, (31. 2. Cor. 2), 

i.e. S.{P'a)r.rPy7ya = 0. 

Now V . rPyVya ^-yS. )3ya (Formula 11), 

therefore S.(fi-a) 7. VfiyVya = -- {Sfiy Say) S . pycu 

Hence SPy = Say. 

Now J3C' + 0A' = {y^py+a* 

^a* + P'+y'-2Spy 

^a' + l3' + y^--2Say 

^(y-ay + P' 

=^AC + OB'. 

Consequently the condition that all three perpendiculars shall 
meet in a point is that the sum of the squares of each pair of 
opposite edges shall be the same. 

CoR. Conversely, if the sum of the squares of each pair of 
opposite edges is the same, the perpendiculars from the angles on 
the opposite faces will meet in a point. 

Ex. 3. If P he a point in the face ABO of a tetrahedron, 

from which are drawn Pa, Ph, Pc, respectively parallel to OA, 

OB, 00 to meet tlie opposite faces OBC, 00 A, OAB in a, b, c; 

then will 

Pa Ph Pc ^ 

oa'^ob'^og" 
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Betaining the notation of the last examples, let OP = Sf 
Pa = -Qca, Ph = ^yPf Pc = — zy; then 

Now because P, A, B, C are in the same plane 

^.(8-a)(a-)8)()8-y) = 0, 

i.e. S .h{aP -h Py 4-ya) = S . apy (1); 

and because 0, a, B, C are in the same plane 

S.{S-xa)Py = 0, 

i.e. xSapy = S,Spy (2); 

also because 0, A, b, C are in the same plane 

i.e. yS,pya = S.Sya, 

or, by formula 3, yS.apy = S.^a (3); 

lastly, because 0, A, B, c are in the same plane 

S.{B-zy)aP = 0, 
i.e. zS . ya0 = S , Sap, 

or zS.aPy = S.SaP (4). 

Adding (2), (3), and (4) there results 

{x + y + z)S.apy = S.iPy-^S.Sya + S.Sap 

= ^.a)8y,by(l), 

therefore x + y + z=l: 

Pa Ph Pc - 
hence Ol'^OB^OG^^' 

Cob. !• If P be in the plane ABC produced below the plane 
OBCy Paasa, vector will have the same sign as OA has ; hence 
in this case we shall have 

Pa^ Ph_ lc^_. 

T. Q. ^^ 



162 QUATERNIONS, [CH. IX. 

Cor. 2. If P be outside both the planes OBOy OCA ; we 
shall have 

'^ OA OB'^OG" ' 

Ex. 4. Any point Q is joined to the angular points A, By C, O 
of a tetrahedron, a/nd the joining lines, produced if necessari/, 
meet the opposite /aces in a, b, c, o; to prove that 

Aa Bb ~Cc Oo" ' 
regard being had to tlie signs of Aa, Bb, o&c, as in the last example. 

JuetQA^a, QB = P, QO=y, QO = B; Qa^aa, Qb = bp, Qc-^cy, 
Qo-dS: then since a, b, c, o are points in the planes BOO, ACOf 
ABO, ABC, we have, as in the last example, 

a/S. a(/3y + y8 + ^P) = S.PyS, 
&c. &c. 

le. aS.{aPy + ayB + aSI3)''S.fiyS = (1), 

bS ,{^ay + PyS+ Pha) -- S ,ayB =0 (2), 

C^.(yaj8+y)38 + y8a)-^.a)38 = (3), 

dS.{8aP + SPy + Sya)'-S.afiy = (4). 

Now, if we write 

S.aPy = x, S.ayS^y, S.aBfi^z, S.PyS = U', 

and apply the formulae 3 and 4, we get 

ax + ay + az—u^O, 

— 6a; - y -bz + bu = 0, 
cx-^ cy + z — ct6 = 0, 

— X " dy — dz -\- du = 0, 

which give i x + ^ — r w = 0, 

^ a-1 c;?-l ' 

__yH.__«=0, 
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c-1^ 6-1 

c ^ A 

oj— "i — =- « = 0; 



and, therefore, :r- + - — - + =- + -.— , = 0, 

a- 1 6-1 c- 1 d?- 1 ' 

. (t h c d ^ 

a- 1 6-1 c- 1 d-l 

Ex. 5. i/*«wo tetrahedra ABGD, A'B'G'JD' a/re so situated that 
the straight lines AA\ BB\ CC\ BI/ all meet in a point, the lines 
of intersection of the planes of corresponding faces shall aXL lie in 
ike same plane. 

Let A% JTB, CVy UB meet in 0. 

0^ = 0, 0B = ^, 00 = y, OD:=Sy 

OA!^m^ OB^=np, Off^py, OIT^qi. 

The equation of the plane ABC is (34. 5) 

8p{Vap^Ypy^Vya) = S.apy, 

and that of A'BfO' becomes, after dividing both sides by mnp, 

The vector line of intersection of the two planes is (34. 9) 
r.{raP+ VPy + 7ya) ( 1 F«j8 + 1 FiSy + 1 Fya) , 
L e. hj formula (11), omitting the common factor S, a)3y^ 

\n pj \p mj '^ \m nj ' 

From this expression the vectors of the intersections of the 

other planes may at once be written, do^snu 

W— '^ 
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Th&i of ABD, A'B'D' is 

\n q) \q mj'^ \m nj 
i\i^toiACD,AViyiA 

(i-i)"e-i)vH=-|)'' 

and that of BCD, B'C'D' 

Now to proTO that any three of these lines lie in the same 
plane, all that is necessary is to prove (31. 2. Cor. 2) that the 
scalar of the product of their vectors equals 0. 

If we take the vectors of the first three, we may write them 
under the form 

oa + 6j8 + cy, a'a + V^ + c8, d'a. + 67 - 68, 

respectively ; so that the scalar of their product is 

iS. (aa + 6j8 + cy) (a'a + 6')8 + c8) (a"a + 6'y - 68). 

Now the coefficient of every different scalar in this product is 
separately equal to 0. That of aS^. a)3y for instance is, omitting 
the common factor Vy 

\7i 'pj \5 m) \m n) \p q) \p m) \n q) ' 
in which every term vanishes. 

That again of S.Pyh is 

-6c6' + cW, 
which is ; and so of the rest. 

Hence the intersections, two and two, of the first three pairs 
of planes lie in the same plane ; and the same may be proved in 
like manner of any Other three : whence the truth of the pro- 
position 

Ex. 6. CF, CD are conjugate eemi-diametera of an eUipBe, 
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as also CP^, CD^ ; PF^, DIX are joined ; to prove that the area of 
the triangle FCP equals tha^ of the triangle DCD\ 

Let a, )S, a, p: be the vectors OF, CD, CF^ GD'; k & unit 
vector perpendicular to the plane of the ellipse. 

Since 

a = ^'^if/a = — (aiSi\j/a + hjSj\j/a), &o.^ &c. (47. 5), 

therefore Faa' = V. {aiSiif/a + hJSj\l/a) (aiSiif/a + hjSj\j/a) 

' — dbk {Siij/aSjij/a — Sj\j/aSi\l/a) 
= abkS . kV(i[fa\l/ay (Formula 1 6.) 
Similarly VPfi" = abkS . k V (^Ai^i/r^S'). 

Now i/ra, \I/P are unit vectors at right angles to one another ; 
as are also ij/a, il/fi' ; therefore the angle between xj/a and ^a' is 
the same as that between ij/P and \J/^. 

Hence S.kV (i/rai/ra') =S,kV {il/p\lfiy)y 

and Faa' = Vpp>, 

i e. area of triangle FCF' = that of triangle DC If. 

Ex. 7, If a parallelepiped he constructed on the semi-con- 
jugate diameters of an ellipsoid, the sum of the squares of the areas 
of the faces of the paraUelepiped is equal to the sum of the squares 
of the faces of the rectangular parallelepiped constructed on the 
semi-axes. 

By 63. 9, o = — {aiSifa + hjSjij/a + ckSkij/a) 
P = - {aiSiil/jS + hjSjij/p + ckSkxI/P) ; 

therefore Vafi = abk (SifaSjij/P - Si^pSjij/a) 

+ acj {SifaSkil/p - SifPSkil/a) 
+ hci {Sjil/aSkij/P - Sjij/pSkfa). 
Now Si^oLSj^P-Si^pSjrifa^SVijViffpilfa, Formula (16), 

^-SkijrY, (Art. 1TV> 
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therefore Faj8 = — (ahkShffy + acfSjilry + hciShpy^ 

Fyo = - {ahkSk^p + acQSjyff^ + bctSitj/^, 
VPy = — (abkSkij/a + acjSj^^a. + bciSiil/a), 

If now we square and add these expressions, obserring that 
because ^a, if/^y if/y are unit vectors at right angles to one another, 

(Siiiray + {Siiifpy + (Stilly = i, 

we shall have 

(VaPf + (Fay)' + (F^Sy)' = - {(a6)» + « + (Jc)*}, 
which (21. 4) is the proposition to be proved. 

Ex. 8. To find the locus of the intersections of tangent plcmes 
at the extremities of conjv^ate diameters of an ellipsoid. 

Let IT be the vector to the point of intersection of tangent 
planes at the extremities of a, )3, y : then 

Sn<l>a= 1, (57), 

gives /Sin/r*a = ~l, ' 

or /S'i/r7n/ra = — 1, 

^11/^1/^ = - I, 

Stl/TTxIry^—l, 

From these three equations we extricate ifnT by means of for- 
mula (14), which gives 

xl/TrSxI/ail/Pipy = Vif/axl/pSil/inlr/ + Fi^jS^aSV^^o 
+ VilryipaJSilnnl/P ; 

therefore ^ir = F^a^)8 + Fi^jSi/^ + Fi/ry^a 

(^^)« = -(l + l + l) 
= -3, 

3(*»'*"36»'*"3c""" ^ 
Azz eUipsoid similar to the given ellipsoid. 
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Ex. 9. If 0, A, By (7, 2>, E are any six points in spaccy OX 
any given directiony 0A\ OB'y 0G\ 0D\ OE' the projections 
o/OAy OB, OGy ODy OE on OX; BGDEy ODEA, DEABy EABCy 
ABCD tJie volumes of the pyramids whose vertices a/re By C, Dy E, A, 
with a positive or negative sign in accordance vnth the law given 
in tJie note to 69. b ] then 

0A\ BODE + OJ^. ODEA + OC. DEAB + 0D\ EA BO 

■hOE\ABCD:=Q. 

Let OA, OBy OGy OD, OE be a, p, y, 8, e respectively. 

Write for aAS'(y - i8) (8 - p) (e - )8) its value 

a {S. ySe - S. SejS + S. epy -S.^yS), 

and similar expressions for pS(a - y) (8 - y) (c - y), &c., and there 
will result, by addition, 

a^(y-i8)(8-)8)(c-)8) + i8>S^(a-y)(8-y)(c-y) 

+ yAS^(a-8)(i8-8)(€-8) + 8^(a-.€)()S-€)(y-€) 
+ €AS'08-a)(y-a)(8-a) = O, 

i. e. retaining the notation adopted in the Note referred to, 

OA.BGDE-^OB.GDEA+OG.DEAB-^OD.EABG 

-\-OE,ABGD = 0, 

Now let ?r be a vector along OX ; then the operation hy S.ir 
on the above expression gives the result required. 

In some of the examples which follow, we will endeavour to 
show how a problem should not, as well as how it should, be 
attacked. 

Ex. 10. Given any three planeSy and the direction of the vector 
perpendicula/r to a fourth, to fmd its length so that tJiey may meet, 
in one point. 

Let Sap = a, SPp = h, Syp = c be the three, and let 8 be the 
vector perpendicular to the new plane. Then, if its equation be 

/S8p = <f, 

we must find the value of d that these four equations may all be 
satisfied by one value of p. 
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Formula (14) gives 

PAS'. aPy = VapSyp + VPySap + VyaSpp 
= cVaP + aVPy + bVya, 

fcy the equations of the first three. Operate by S,S, and use the 
fpurth equation, and we have the required value 

dS. a)8y » aS. PyS + hS. ya8 + cS, afiS. 

Ex. 11. TJ^ sum of the (vector) areas of tlie faces of any 
tetrahedroTiy and therefore of any polyhedron^ is zero. 

Take one comer as origin, and let a, ^, y be the vectors of 
the other three. Then the vector areas of the three faces meeting 
in the origin are 

2 ^^Py 2 ^^^' 2 ^^°^ respectively. 
That of the fourth may be expressed in any of the forms 

\r(y-a){fi-a), \v{a-P){y-P), \v(fi-y)(a-y). 

But all of these have the common value 

\v{yp+Pa + ay), 

which is obviously the sum of the three other vector-areas taken 
negatively. Hence the proposition, which is an elementary one m, 
Hydrostatics. 

Now any polyhedron may be cut up by planes into tetrahedra, 
and the faces exposed by such treatment have vector-areas equal 
and opposite in sign. Hence the extension. 

Ex. 12. If the pressure he uniform throughout a fluidmasSy 
a/n immsrsed tetrahedron {and therefore any polyhedron) experiences 
no couple tending to make it rotate. 

This is supplementary to the last example. The pressures on 
the faces are fully expressed by the vector ai*eas above given, an<i 
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their points of application are the centres of inertia of the areas 
of the faces. The coordinates of these points are 

^{^ + l^)> 3(^ + 7). 3(y+«), 3(a + ^ + 7)» 
and the sum of the couples is 

gF.{Fa/?.(a+)8)+Fi8y.(iS + y) + Fya.(y+a) 

+ F(7)S + )8a + ay).(a + )S + 7)} 

= -|F(Fa^.y+Fi8y.a+ Fya.)8) = 0, 

hy applying formula (9). 

Ex. 13. What are the conditions that tJie three planes 

Sap = a, Spp = by Syp = c, 

sliaU intersect in a straight line ? 

There are many ways of attacking such a question, so we will 
give a few for practice. 

(a) pS. afiy = VafiSyp + VPySap + VyaSPp 

= cVaP-h aV^y + hVya 

by the given equations. But this gives a single definite value 
of p unless both sides vanish, so that the conditions are 

S. a^y = 0, 

and cVaP + aV^y + 6Fya = 0, 

which inclicdes the preceding. 

(6) S{la — mp) p = al--hm 

is the equation of any plane passing through the intersection of 
the first two given planes. Hence, if the three intersect in a 
straight line there must be values of I, m such that 

la — mP = y , 
la - mb = c. 

The first of these gives, as before, 
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and it also gives 

Vya^ mVap, Vpy^-lVap, 

so that if we multiply the second by Vafij 

laVap - mbVaP = cVap 

becomes — oFjSy — hVya = cVaP ; 

the second condition of (a). 

(c) Again, suppose p to be given by the first two in the form 

p =pa + qP -^xVapy 

we find a =pa' + qSa^, because SaVap = 0, 

h=pSaP + qP'; 



therefore 





P 


a' , SaP 
Sap, P" 


= a 


a, SaP 
h, P' 


^P 


a' , a 

Sap, b 


so that the third equation gives, operating by S.y, 


c 


< 

s 


«• , Sap 
ap, p^ 


= 


A^ay 


a, Sap 
h, P' 


-^sp 


y 


of , a 

SaP, h 



-^xVap, 



+ 05;^. aPy. 



Now a determinate value of x would mean intersection in oue 

point only ; so, as before, 

S,apy = 0, 

c{a'P'-S'ap) = a{P'Say--SaPSPy)-b{SapSay^a'Spyy 

The latter may be written 

S.a[c{aP''-pSap)^a{yP'-pSPy)-h{aSPy-'ySaP)]=^0. 

Now S.a{aP'-pSaP)^Sa{p.pa-pSPa) 

=^S.a{pVPa) 
= -S,a (pVap) = - aS' (aPVap). 

Similarly, S.aiyP' -'pSPy)--=S(aprPy), 

and S.aiaSpyySaP) =^S. a (F. iSFya), (formula 8), 

= S(apVya). 
The equation now becomes 

S . ap (cFa|3 + aFp7 + bV^a) = 0. 
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Kow since S.afiy =s 0, a, )?, y are vectors in the same plane ; 
therefore y may be written ma + nfi, 

smd cVaP-^aVPy-hVya 

assumes the form eVafi, which, unless e = 0, gives 

S{apVaP) = 0, 

or Vap is in the same plane with a, p ; but it is also perpendicular 
to the plane, which is absurd ; therefore e = 0, or 

cVaP + aVpy+ bVya = ; 

thus the third and prolix method leads to the same conclusion as 
the first. 

Ex. 14. Find the surface traced otit by a straight line which 
remains always perpendicular to a given line while intersecting 
ea^h of two fixed lines. 

Let the equations of the fixed lines be 

^ = a + a?)S, -BT, = o, + offjjSj. 

Then if p be the vector of the new line in any position 

p = tsr + ^ (bTj — -cj) 
= (1 - y) (a + xp) + y (a, + xfi^). 

This is not, as yet, the equation required. For it involves 
essentially three independent constants, x, x^^ y j and may there- 
fore in general be made to represent any point whatever of 
infinite space. The reader may easily see this if he reflects that 
two lines which are not parallel must appear, from every point of 
space, to intersect one another. We have still to introduce the 
condition that the new line is pei'pendicular to a fixed vector, 
y suppose, which gives 

^•y (®"i -^) = = /S'.y [(aj - a) + x^^^ - xp\. 

This gives x^ in terms of a?, so that there are now but two 
indeterminates in the equation for p, which therefore represents 
a surface, which, it is not difiicult to see, is one of the second 
order. 
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Ex. 15. Find tlie condition that tlie eqvxttion 

S, p^p = 1 

may represent a surface of revolution. 

The expression <^p here stands for something more general than 
that employed in Chap. VIII. above, in fact it may be written 

<l>p= aSa^p + pSp^p + ySy,p, 

where a, ai, )S, jS^, y, y^ are any six vectors whatever. This will 
be more carefully examined in the next chapter. 

If the surface be one of revolution then, since it is central 
and of the second degree, it is obvious that any sphere whose 
centre is at the origin will cut it in two equal circles in planes 
perpendicular to the axis, and that these will be equidistant from 
the origin. Hence, if r be the radius of one of these circles, c the 
vector to its centre, p the vector to any point in its circumference^ 
it is evident that we have the following equation 

Spit^p-l -C{p' + r') = {S€py-e% 

where G and e are constants. This, being an identity, gives 

l-e« + Cr» = -) 

Sp<i>p-Cp'={Sepyj' 

The fonn of these equations shows that C is an absolute con-. 

stant, while r and e are related to one another by the first; and 

the second gives 

fl>p = Cp-¥ eSep, 

This shows simply that aS^. cpc^p = 0, 

i. e. e, pf and c^p are coplanar, i. e. all the normals pass through a^ 
given straight line ; or that the expression 

Vp<l>p, 

whatever be p, expresses always a vector parallel to a particular 
plane. ' 

Ex, 16. If three muttially perpendicular vectors he drawn 
from a point to a plane, tJie sum of the reciprocals of the squares 
qfi/idr lengths is independent of thair directions. 
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Let S€p;=l 

"be the equation of the plane, and let a, j8, y be any set of 
mutually perpendicular unit-vectors. Then, if xa, yp, zy be 
points in the plane, we have 

xSae = 1, yS^e = 1, zSy€ = 1, 
whence - € = a>S'a€ + jSa^jSc + ySy€ (63. 2) = - + ^ + ^^ . 

X y , z 
Taking the tensor, we have 

X y sr 

Ex. 17. j^mc? <Ae equation of tlie straight line which meets ^ 
at right angles, two given straight lines. 

Let -or = a + a?^, -bt = a^ + x^p^ , 

1)0 the two lines; then the equation of the required line must be 

of the form 

-or = a, + aJ.F^A, 

and nothing is undetermined but a,. 

Since the first and third equations denote lines having, one 
point in common, we have 

S.PVPP, (a-.aj = 0. 

Similarly S. jS, Yp^, (a, - a J = 0. 

Let a^ = y^ + yi^,> 

(it is obviously superfluous to add a term in F)S^,), then 

and, finally, 

Ex. 18. IfTp^Ta = T^=\, and S.afip = 0, ahoto that 

S.U{p-a)U{p-p)=^l(l-SaP). 
Interpret this theorem geometrically. 
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We have, from the given equations, the following^ which are 
equivalent to them, 

Hence - «•• - y« + 2xySaP = - 1, 
UU gW {x^\)a-\-yP 

^.Z7(p-a)^(p-)8) 

^ -a;(a;~l) + [a^+^a?--l)(y--l)]^ff--y(y-,l) 

Va:"+y -2* + 1 - 2{a;y -y) ^a^ J^'i-y^-2y+\^2{xy-'x)SaP 
_ a;- f y - (a; + y - 1) /Sot/? - 1 
~ j2'-2x + 2ySaP ^2 - 2y + 2aJSSjg 



2 7(1 -« -y) (1 - '^'"i^) + a^ {1 - ('5>aW'} 
g + y-l / l-zyg/? 

g + y-l / l-^yg^ 

2 V l-a;-y+i(2xy + aj« + y»-l) 

~ ^ V l-2(aj + y) + a:' + y* + 2a;y 

Of course there are far simpler solutions. Thus, for instance, 
the given equations show that p, a, j3 are radii of some unit 
circle. Hence the expression is the cosine of the supplement of 
the angle between two chords of a circle drawn from the same 
point in the circumference. This is obviously half the angle 
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subtended at the centre by radii drawn to the other ends of the 
chords. The cosine of this angle is 

- Sap, 
and therefore the cosine of its naif is 



y 



lil-Safi). 



Ex. 19. Find the relative position, at a/ny instant, of two 
points, which are moving uniformly in straight lines. 

If a\ j8' be their vector velocities, t the time elapsed since 
their vectors were o, fi, their relative vector is 

so that relatively to one another the motion is rectilinear, and 
the vector velocity is 

a — jS'. 

To find the time at which the mutual distance is least. 

Here we may write 

p = y + «8, 

-^ -/-«■(-¥)■• 

As the last term is positive, this is least when it vanishes, 

i.e. when 

t = -S.yi'\ 

This gives P = y - S/SyS"* 

= yFrV, 

the vector perpendicular drawn to the relative path; as is^ of 
course, self-evident. 

Ex. 20. Find the locus of a given poini in a line of given 
lengthy when the extremities of the line move in circles in one plane, 
(Watt's Parallel Motion*) 
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Let <r and t be the vectors of the ends of the line, drawn 
from the centres a, p of the circles. Then if p be the vector of 
the required point 

subject to the conditions 

From these equj^tions o- and t must be eliminated. We leave 
the work to the reader. There is obviously an equation of con- 
dition 

S.y{p''a) = 0. 

Ex. 21. Classify/ the curves represented hy cm equation of 

the form 

_a-hxP + a^y 

where ol, p, y are given vectors, and a, 5, c given scalars. 

In the first place we remark that a? in the numerator merely 
adds a constant vector to the value of p, unless c = 0. 

4 

Thus, if c do not vanish, the equation may be written with 
a change of a and )3, and in general a change of origin, 

_ a + xp 
^ a + 6a; + cas' * 

.and this again^ by change of x and of a and )3, as 

_a + x^ 
a +cx^' 

Jt is obvious that this represents a plane curve. 
* , Sap __ a" + xSafi 
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Hence both numerator and denominator of x are of the first 
degree in Sap, JS^p; and therefore 

a-^oar 

gives an equation of the third degree in p by the elimination of x. 

When we have Safi = 0, 

■ a» 
fSap = 5 , 



a + csf* 
a'Spp 



whence * ^= oacf > 

p joap 



a* 



and a (Sap)' + e^ (S^p)' = a'Sap, 

a conic section. 

If c = 0, then with a change of a;, a, )S, y, the equation may be 
written 

a hyperbola — so long at least as h does not also vanish. 

If h and c both vanish, the equation is obviously that of a 
parabola. 

If a and h both vanish, whilst c has a real value, we have 
again a parabola. 

If a vanish while h and c have real values, we have again 
a hyperbola. 

Ex. 22. Find the locus of a point at which a given Jlnite 
straight line subtends a given angle, 

T. Q. ^'^ 
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Take the middle point of the line as origin, and let at a be the 
vectors of its ends. At p it subtends an angle whose cosine is 

This, equated to a constant, gives the locus required. "We 
may write the. equation 

a'-p'=cT(p-a)T{p + a). 

This is, obviously, a surface of the fourth order; a ring or 
tore formed by the rotation of a circle about a chord. When 
c = 0, i. e. when the angle is a right angle, the two sheets of this 
surface close up into the sphere 

9 9 

p = a . 

A plane section (in the plane a, j8 (suppose) where T^—Ta 

and Sa^ = 0) gives 

p=^xaA-yP, 

or {!-(«• + y')}' = c' {(«* + y' + !)• - •la;'}, 

2ey 



or, finally, . 1 _ (ip* + y") = * 



Vni'' 



which, of course, denotes two equal circles intersecting at the 
ends of the fixed line. 



Additional Examples to Chap. IX. 

1. Prove that S. (a + )8) ()8 + y) (y + a) = 2S. a^y. 

2. S.raprpyVya = -{SaPyy. 

3. S. ViVaprPy) ViVPyVya) V{Vya7tiP)^- {S.aPy)\ 

4. SiVpyryaj^-ZSap^SPySya. 

5. a'P'y^iVaPyy^iSaPyy 

6. = a» {SfiyY + iS" {Syay + / {Sa^y - (Sa/Syy 
^ 2SapSPySya, 
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8. (apyY = a'py + 2aPyS. aj8y, 

9. S ( VajSy Yfiya Yyap) = iSafiSfiySyaS . a)3y. 

10. The expression 

FajSFyS + Fay 78)8 + Fa8 F)3y 
denotes a vector. "What vector 1 

(Tait's Qicaternions. Miscellaneous Ex. 1.) 

* ' " * 

1 1. SapS, )8yS - SI3pS. ySa + SypS. 8aj8 - SSpS. a^y = 0, 

12. (aj8y)» = 2a'i8V + a» 08y)» + jS' (ay)« + y\a^y-~iaySafiSpy. 

(Hamilton, Elements, p. 346.) 

13. "With the notation of the Note, Art. 69. 5, we shall 

have 

BABC^OABC'-OBCD-^OCDA'-ODAB. 

14. When A, B, G, D are in the same plane, 

a.BCD -jS.CDA + y.DAB -S.ABC =^0, 
where BCD, <fec. are the areas of the triangles, 

15. 8F. a^y + aV. j8y8 + j8F. y8a + y F, Sap = 4*^ . ajSyS. 
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CHAPTER X. 

VECTOR EQUATIONS OF THE FIRST DEGREE. 

"With the object of giving the student an idea of one of the 
physical applications of Quaternions, we will treat the solution of 
linear and vector equations from an elementary kinematical point 
of view. 

Def. EoTnogeneous Strain is such that portions of a body, 
originally equal, similar, and similarly placed, remain after the 
fctrain equal, similar, and similarly placed. 

Thus straight lines remain straight lines, parallel lines remain 
parallel, equal parallel lines remain equal, planes remain planes, 
pai-allel planes remain parallel, and equal areas on parallel planes 
remain equal. Also the volumes of cdl portions of the body are 
increased or diminished in the same proportion, as is easily seen by 
supposing the body originally divided into small equal cubes by 
series of planes perpendicular to each other. 

It is thus obvious that a homogeneous strain is entirely deter- 
mined if we know into what vectors three given (non-coplanar) 
vectora are changed by it. Thus if a, )3, y become a', /J', y re- 
spectively, any other vector which may be expressed as 

is changed to 
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No needful generality is lost, while much simplification is 
gained, hj taking a, )3, y as unit vectors at right angles to one 
another. We thus have 

p = - {nSap + pS^p + ySyp)y 
p' = - {a'Sap +fi^SPp + ySyp). 

Comparing these expressions we aee that Homogeneous Strain 
alters a vector into a defini^ linear and vector function of its 

original value. 

• 

In abbreviated notation, we may write (as in Art. 63, though 

our symbol, as will soon be seen, is more general than that there 

employed) 

<l>p = — (a Sap -f ftSfyt + ySyp)j 

where <^ itself depends upon nine independent constants involved 
in the three equations 

^a = a'' 

For a , jS', y may of course be expressed in terms of <i, )8, y : 
and, as they are quite independent of one another, the nine co- 
efficients in the following equations may have absolutely any 
values whatever; 

«^i3 = i8' = ca + 5)8 + ay| (a), 

<^y =;: y^ = 5a + a'P + Cy] 

In discussing the particular form of «^ which occurs in the 
treatment of central sui faces of the second order we found, Art. 44, 
that it possessed the property 

S.(r^p = S,pii^ (6), 

whatever vectors are represented by p and cr. Kemembering that 
d, j8, y form a rectangular unit system, we find from (a) 

S.P4>a = -c) 
S.a^p==--c]' 



182 QUATERNIONS. [CHAP, 

with other similar pairs.; so that our new value of tft satisfies (b) 
if, and only if, we have in (a) 

b=hi (c). 

c = c] 

The physical meaning of this condition will be Been imme- 
diately. 

But, although {b) is not generally true, we have . 

= -S.p {aSa'a- + pSpa + y/Sycr), 

where the expressidn in brackets is a linear and vector function 
of 0*) depending upon the same nine scalars as those in ^; and 
which we may therefore express by ^', so that 

4>'(r = '{aJSa'a + pSp'fr + ySy(T) (d). 

And with this we have obviously 

S, <T<f>p = S , p<l/(r (e), 

which is the general relation, of which (b) is a mere particular 



case. 



By putting a, /S, y in succession for a- in (d) and referring to 
(a) we have 

<l>'P=ca +£p^a'y\.„. (/). 

ii'y = ba -^ ap + Cy) 

Comparing (/) with (a) we see that 

€l>p = <l/p, 

whatever, be p, provided .the conditions (c) be fulfilled. This agrees 
with the result already obtained. 

Either of the functions ^ and ^', thus defined t6gether, is 
called the Conjugate of the other : and when they are equal (i. e. 
when (r) is satisfied) <f> is called a Self-Conjugate function. As we 



X.] VECTOR EQUATIONS OF THE FIRST DEGREE. 183l 

employed it in Chap. VI, «^ was self-conjugate } and, even had it 
not been so, it was invojved (as we shall presently see) in such a 
manner that its non-conjugate part was necessarily absgnt^ 

"We may now write, as before, 1 

and, by (c?), 

. ^'p = - {aSa'p + pS^p + ySy'p). 

From these we have by subtraction, 

(<l>-<l>')p = <l>p-<l>'p = aSa'p-afSap-^pSfi^p--p'S/3p + ySyp''YSyp 
^r.Vaa'p+r.rp^p+r.Vyy'p 

= 2F.cp : '...(g)) > 

if we agree to write 

2€= r{aa'-^pp' + yy') {h), ' 

- • 

*We may now express that <f> is self-conjugate by writing' 

.= 0, 

the physical interpretation of whidh equation is of the highest 
importance, as will soon appear. 

If we form by means of (a) the value of c as in (h) we get 

2€=(cy-6')S) + (aa-cy) + (6^-aa) 

= (a-a')a-i-(6-60i3 + (c-c')y, 

which obviously cannot vanish unless (as before) the three con.-, 
ditions (c) are satisfied. -. 

By adding the values of «^p iand <^'/3 above we obtain 

(^ + <^') p= <l>p + 4/p = -{aSa'p+ a' Sap + pS^'p+p'S^p+ySYp+y'Sfp) 
= - V{apa'-^ppP'^ypy')-'p{Saa' + Spp' + Syy'). 

As we have (by 69. 6) 

F.apa'= F. apa, &C, » ^ 

this new function of p is self-conjugate; as will easily be seen by 
putting it for «^ in (h) and remembering that (by 69. 17) we have 

;S^. aapa^ = S . paaa = S . pa<ra\ &c., &c. 
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Hence we may wiite 

(<^ + «^> = 2«r^ , (i), 

where the bar over 5- signifies that it is self-conjugate^ and the 
factor 2 is introduced for convenience. 

From {gi) and (t) we have 

^p =«rp+ Fcpl ^jy^^ 

^'p = «'p— Vep) 

If instead of ^p in any of the above investigations we write 
{4>-^g)Pf it is obvious that ^'p becomes {ff/-\-g)pi and the only 
change in the coefficients in (a) and (/) is the addition of ^ to 
each of the main series A^ By C. 

"We now come to Hamilton's grand proposition with regard to 

linear and vector functions. If <f> be such that, in general, the 

vectors 

p, «^p, ^*p 

(where <^'p is an abbreviation for <f> {4>p)) are not in one plane, then 
any fourth vector such as ^p (a contraction for ^ (^ (^p))) ^^^ ^e 
expressed in terms of them as in 31. 5. 

Thus €l>*p=im^<l>'p — m^<l>p-\-mp r {k\ 

where w, w,, m^ are scalars whose values will be found immedi- 
ately. That they are independent of p is obvious, for we may put 
a, py yia succession for p and thus obtain three equations of the 

form 

^"a s m^^'a - mj<^a + TTia (Z), 

from which their values can be found. Conversely, if quantities 

m, Wj, m^ can be found which satisfy (Z), we may reproduce (k) by 

putting 

p = xa-{'yP + zy 

and adding together the three expressions (Z) multiplied by a;, y, z 
respectively. For it is obvious from the expression for <f> that 

x<l>p ^ <l> (xp), x<l>'p = <l>'{xp)y <fec., 
whatever scalar be represented by sc 
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If p^ <^p, and ^'p are in the same plane, then applying the 
strain ^ again we find ^p, ^'p, tf^p in one plane; and thus equa- 
tion {k) holds for this case also. And it of course holds if ^p is 
|)arallel to p, for then ^'p and ^p are also parallel to p. 

We will prove that scalars can be found which satisfy the 
three equations (f) (equivalent to nine scalar equations, of which, 
however, six depend upon the other three) by actually determining 
their values. 

The volume of the parallelepiped whose three conterminoua 
edges ar^ A, /A, V is (31; 1) 

After the strain its volume is 



so that the ratio 






is the same whatever vectors X^ fi,v may be ; and depends there* 
fore on the constants of ^ alone. We may therefore assume 

X«p, 

V = <I>W 
and by inspection of (k) we find 

S . 4>\€l>fi€l>v S . ^4,^4?p _ .. 

which gives the physical meaning of this constant in (k). As we 
may put if we please 

A. = Oy 

V =7, 
we see by (a) that 



m = 






A, 


e. 


V 


c', 


B, 


a 


h, 


»', 


C 
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"whicli is tlie expression for the ratio in which the volume of each 
portion has been increased. This is unchanged by putting if/ for 
^, for it becomes, by (/), 

m^ A, c'y b 
c, B, a' 
6', a, G 

Recurring to (m) we may write it by («) as 

from which, as X is absolutely any vedtor, we have 

or ^ V^'ti<l)v = mVfiv) * ^ ^' 

In passing we may notice that (n) gives us the complete solution 
of a linear and vector equation such as 

where 8 and «^ are given and o- is to be found. We have in fact 
only to take any. two vectors fi and P which are perpendicular to 
S, and such that 

and we have for the unknowii vector 

cr = — Vditidt^v* 

m ^ .• • 

which can be calculated, as ^ is given. 

^If in (%) we' put <^ +^ for ^ we must do so for the value of m 
m (m). Calling the latter, if^ we have . » 

^^ _ S.(<l> + g)k{<l> + g)fi(il> + g)v . 

""""^ : A-X/xv — 

^ S, XfK^v -\-S, vX<f>fi + S, fiv<l>\ 

S . X/JLV 

+ i^ i- (o)f 

and by (n) {4> + g)V{4>+g) H-W +9)^='^ii'^h^ (p)y 
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or Mg=:m + ti^g + ii^' + g'' 1 , 

From the latter of these equations it is obvious that 

must be a linear and vector function of Vfiv, since all .the other 
terms of the equation are such functions. 

» 

As practice in the use of .these function^ we will solve a 
problem of a little greater generality. The vectors 

F/xv, Vif>ii V, and Vfiff/v 

are not generally coplanar. In terms of these (31, 5), let us 
express ifiVfiv* 

Let ^Vfiv^xVfJLvA-^Vff/fiv + zVfiif/v^ 

Operate by S,\, S./i, JS.v successively, then 

S . [ivijiX. = xS, Xftv + yS . vX^'/A + zS . \fi<f/y^ 

S , flVif)V = zS .Vfjiff/v* 

The two last equations give (by 69." 4) 

y^^l, z=:^t, 
and therefore the first gives 

S . fivKJ/X 4- S . vXtj/fi -^JS. Xyi^'y 

^ A*,> "by (q)' 

Hence, finally, 

fjiVfiv = figVfiv - V<l>fJiv--Vfi4>'v (r). 

Substituting this in (q), and putting <r for F/xv, which is any 
vector whatever, we have 

or, multiplying out, 

(m - gil>' + fi^^ -/</>+ gm^r^ 4? /^. + ^ Vj + 9^) ^ 

= (w + /x^ + /Aj^' + /) (T ; 
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that is ( - ^' + /i,<^ + m^"^) <r = ^j<r, 

or (^' - fi/fi' + ftj«^ - »i) o- = 0, 

Comparing this with {k) we see that 



m. 



7*.= 



♦»i = /^i = 



aS'. Xftv 



(*). 



/S'.X/xv 
and thus the determination is complete. 

"We may write (^), if we please, in the form 

m<fr^p:=:m^p-m^<f)p + 4*'p, (k')f 

which gives another, and more direct, solution of the equation 
(above mentioned) 

Physically, the result we have arrived at is the solution of 
the problem, " By adding together scalar multiples of any vector 
of a body, of the x;orresponding vector of the same strained homo- 
geneously, and of that of the same twice over strained, to repre- 
sent the state of the body which would be produced by supposing 
the strain to be reversed or inverted." 

These properties of the function <^ are sufficient for many 
applications, and we proceed to give a few. 

I. Homogeneous strain converts an originally spherical por- 
tion of a body into an ellipsoid. 

For if p be a radius of the sphere, <r the vector into which 
it is changed by the strain, we have 

and ^P = C, 

from which we obtain 

or ' i9.i^&ir^4r = '-C\ 

or, finally, S. cffr'a = - C7", 



X.] VECTOR EQUATIONS OF THE FIRST DEGREE. 189 

This is the equation of a central surface of the second degree ; 
and, therefore, of course, from the nature of the problem, an 
ellipsoid. 

II. To find the Tectors whose direction is unchanged by the 
strain. 

Here if>p must be parallel to p or 

i>P=gp. 

This gives ^'/o ^ff'p, &c., 

so that by (k) we haTO 

r/ - m^' + nig-m-0. 

This must have one real root, and may have three. Suppose g to 
be a root, then 

4*9-919 = ^9 
and therefore, whatever be X, 

S\<t>p-g^S\p=^0, 

or /S^.p(<^'A^-5^A) = Q. 

Thus it appears that the operator ^'— jjfi cuts off from any vector 
X the part which is parallel to the required value of p, and there- 
fore that we have 

||{»»^-'-SriK-^)+flr.'}C, 
•wtere (I is absolutely any vector whateyer. This may be •written as 

i^-g^ 

The same result may more easily be obtained thus. 

The expression 

(^' - Wj,<^' + mi<^ - m) /) = 0, 

being true for all vectors whatever, may be written 
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and it is obvious that each of these factors deprives p of the por- 
tion corresponding to it : i e. ^ - e^^ applied to p cuts off the part 
parallel to the root of 

(^-^i)cr = 0, &c., <fcc, 

so that the operator (^ - g^) («^ - g^ when applied to a vector 
leaves only that part of it which is parallel to o- where 

III. Thus it appears that there is always one vector, and 
that there may be three vectors, whose direction is unchanged by 
the strain. When there are three they wre perpendicular to each 
otiier, if the strain he pure. 

For, in this case, the roots of 

if, = 
are real. Let them be such that 

(*-^3)P3 = 
then 9 19^^9,9^ = ^M*P« 

(because, by hypothesis, the strain is pure) 

= 9'^9i9v 
for 4»9M'=^9^9f, and <I>'92 = 9mW 

Hence, except in the particular case of 

9i = 9t» 
we must have 

^Pip2 = 0, . 

whence the proposition. 

When gi and g^ are equal, p^ and p, are each perpendicular 
to Pi, but any vector in their plane satisfies 
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When all three roots are equal, every vector satisfies 

IV. Thus we see that when the strain is unaccompanied by 
rotation the three values pf g are real. But we must take care to 
notice that the cony.erse does not hold. If they be real and differ- 
ent^ there are three vectors at right angles to one another which 
are the only lines in the body whose directions remain unchangecl. 
When two are equal, every vector parallel to a given plane, and 
all vectors perpendicular to it, are unchanged in direction. When 
all three are equal no vector has its direction changed. 

Y. There is, however, a peculiarity to be noticed, which dis- 
tinguishes physical strain from the results of our mathematical 
analysis. When one or more of the values of g has a negative 
sign, we cannot interpret physically the result without introducing 
the idea of a rotation through two right angles. For we cannot 
conceive a pure strain which shall, as it were, pull the parts of an 
originally spherical portion of the body through the centre of the 
sphere, and so form an ellipsoid by turning a part of the body out* 
side in. 



.} •«, 



YI. This will appear more clearly if we take the case of a 
rigid body, for here we must have, whatever vectora be repre- 
sented by p and <r, 

JSpa^ S , <l>p^<r^ 

i. e. the lengths of vectors, and their inclinations to one another, 
are unaltered. In this case,- therefore, the strain can be nothing 
but a rotation* It is easy to see that the second of these equa- 
tions includes the first; so that if, for variety, we take fft ad 
represented in equations (a), and write 

p = xa + yP -h zy^ 

we have, for all values of the six scalars x, y, z, (, ^, f, the foUoYT* 
ing identity ; 



192 QUATERNIONS, [CHAP. 

This necessitates 

i. e. the vectors a', ^, y form, like a, )8, y, a rectangular tinit 
system. And it is evident that any and every such system satis- 
fies the given conditions. 

YII. It may be interesting to form, for this particular case, 
the equation giving the values of ^. We have 

S.aPy 

= 1 -^^(a^/ + a'j3/ + a'^y) 

^g'S(aPy'-^ap'y + a'j9y) + (/». 

Recollecting that a, ^, y ; a', j3', y are systems of rectangular 
unit vectors, we find that this may be written 

= 07 + 1) [/ - Sr {1 + ^ (aa' + /Sis' + yy')} + !]• 
Hence the roots of 

are in this case ; first and always, 

whicb refers to the axis about which the rotation takes place : 
secondly, the roots of 

/-^{l + .S'(aa' + /?^' + yy')} + 1 =0. 

Now the roots of this equation are imaginary so long as the 
coefficient of the first power of g lies between the limits ± 2. 

. . Also the values of the several quantities /Saa', Sp^!, Syy can 
never exceed the limits ± 1. When the system a, jS, y coincides 
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with a', )8', y', the value of each of the scalars is — 1, and the 
coefficient of the first power of ^ is + 2. When two of them are 
equal to + 1 and the third to — 1 we have the coefficient of the first 
power of ^ = — 2. These are the only two cases in which the 
three values of g are all real 

In the first, all three values of ^ are equal to — 1, i. e. 

for all values of p, and there is no rotation whatever. In the 
second case there is a rotation through two right angles about 
tlie axis of the — 1 value of g, 

YIII. It is an exceedingly remarkable fact that, however a 
body may be homogeneously strained, there is always at least one 
vector whose direction remains unchanged. The proof is simply 
based on the fact that the strain-function depends on a cubic equa- 
tion (with real coefficients) which must have at least one real root. 

IX. As an illustration of what precedes (though one which 
must be approached cautiously), suppose a body to be strained so 
that three vectors, a", )8", y" (not coplanar, and not necessarily 
at right angles to one another), preserve their parallelism, be- 
coming «ja ', ej^'\ e^y\ Then we have 

By the formulae (w, s) we have 

so that we have by (fe) 

(^-e,)(^-O{*-OP = 0. 

Though the values of g are here all real, we must not rashly 
adopt the conclusions of (iv.), for we must remember that a", )8", y" 
do not, like a, )8, y, necessarily form a rectangular system. 

T. Q. 13 
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In this case we have 

^'pS . a" /T / = «, r^YSa"p + eJy"a"Spf'p + «, Fo"/3"/»y"p. 

So that, by (Ji), 
2c = 7. (e.a"F)8"y" + e^'7-fa" + e,y"ra"n 

This vanishes, or the strain is pure, if either 

i.e. if a", P\y" are rectangular, in which case 6^ e^, «, may liaye 
any values; or 

2. «! = e^ = 63, in which case 

so that 

for every vector: a general uniform dilatation unaccompanied by 
change of direction. 

3. «i = e^, and a" and p^ both perpendicular to y\ 

From what precedes it is evident that for the complete study 
of a strain we must endeavour to distinguish in each case between 
the pure strain and the merely rotational part. If a strain be 
capable of being decomposed into Ist a pure strain, 2nd a rotation, 
it is obvious that the vectors which in the altered state of the 
body become the axes of the strain-ellipsoid (i.) must have been 
originally at right angles to one another. 

The equation of the strain-ellipsoid is 

Sp4r*p = -,?, 

and in this it is obvious that ^~' is self-conjugate, or at least is to 
be treated as such : for a non-conjugate term in ifr^p would be {g) 
of the form Fep, 

and would therefore not appear in the equation. 

Hence, as in Chap, vi, <^~'p is the normal to the ellipsoid at (h 
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the bar above being used to shew that the non-conjugate term has 
been omitted. 

Now (IiT) m<fr^ = Wj — m^<f> + <^', 

whence 

m<ir' = — ^ (Wj — m/l> + ^*) - wt, + ^, 

or 

Now, by (J) 

^P = ^P + Fep, 

= ^'p + F. €^p + ^Fcp + F. cFep, 
whence <^V = ^V + ^ • « ^^P? 

and therefore finally 

= {rn*—mm^)p'-{mim^'- m)<l>p-\' mi (<^'p + F. €V€p)y 
which must be = m^hp, 
if p is an axis of the strain-ellipsoid. 

We have to shew that, if pj and p^ are two of the three vectors 
which satisfy this equation, we have not only 

/Spipj=0, 
but also S . <^"*Vi^~ V« = ^* 

By the help of the expressions abov« this is easily effected. 
But the result is much more easily obtained as an immediate' con- 
sequence of a somewhat different mode of treating the question, 
one which we will now give ; — 

If q be any guaUrnion, tTie operator q (^ ) 9~^ turns the vector y 
qtuitemion, or body operated on round an aods perpendicular to the 
plane of q arid through a/n, am,gle equal to dovhU that ofq. 

The proof of this extremely important proposition is very 
simple; but we refer the reader to Hamilton's Lectures, § 282, 

13—2 
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Elements^ § 179 (1), or Tait, § 353. It is obvious that the tensor 
of q may be taken to be unity, i.e. q may be considered as a 
mere versor, because the value of its tensor does not affect that of 
the operator. 

A very simple but important example of this proposition is 
given by supposing q and r to be both vectors, a and j8 let us say. 
Then 

is the result of turning )8 conically through 2 right angles about 
a, i. e. if a be the normal to a reflecting sur&ce and P the incident 
ray, - ajSa"^ is the reflected ray. 

Now let the strain ^ be effected by (1) a pure strain ^ (self- 
conjugate of course) followed by the rotation g ( )q~^* We have, 
for aU values of p, 

<t^p = q(^p)q-^ (t?). 

whence ^ p = ^ {T^pq)* 

We may of course put, as in Chap, vi, 

-©•p = eioSap + e^pSPp + e^ySypf 

where a, )8, y form a rectangular system. Hence 

<^p = Ciqaq'^Sap + e^q^^^S^p + e^qyq'^Syp. 

Here the axes are parallel to 

qaq-\ qPq-\ qyq'\ 
and we have 

S . qaq''ql3q~^ = S . qa^q-^ = Sa^ = 0, &c. 
So far the matter is nearly self-evident, but we now come to 
the important question of the separation of the pv/re strain from 
the rotation. By the formulae above we see that 

^'ff^p = ^q'^i^pq 

= '&q'^ (qro'pq''^) q 
= ^«p, 

so that we have in symbols, for the determination of W, the 
equation 
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To solve this equation we employ expressions like (k), <l/<l> 
being a known function, let us call it w, and form its equation as 

(0® — m/a^ + rriiOi — w = 0. 
Also suppose that the corresponding equation in rar is 

where g, g^, g^ are unknown scalars. By the help of the given 
relation -w-* = cd, 

we may modify this last equation as follows : 

'^ia-g^iji+g^''-g = Oy 

— 9 "^ 9 ^ 

whence ^ = ^ —] 

g^ + io 

i. e. 'or is given definitely in terms of the known function w, as 
soon as the quantities g are found. But our given equation 



-CT* = 0) 



may now be written 

or «» - (ff/ - 2g^ <o' + (^i* - 2^gr,) <o - gr' = 0. 

As this is an equation between co and constants it must be 
equivalent to that already given : so that, comparing coefficients, 
we have 

9i-'29gi = m,y 



g" =m; 



from which, by elimination of g and g^, we have 

The solution of the problem is therefore reduced to that of this 
biquadratic equation; for, when g^ is found, g^ is given linearly 
in terms of it. 

It is to be observed that in the operationa above we have not 
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been particular as to the arrangement of &ctors. This is due to 
the fact that any functions of the same operator are commutative 
in their application. 

Having thus found the pure part of the strain we have at once 
the rotation, for (t?) gives 

or, as it may more expressively be written. 



If instead of (t?) we write 

<^p = w(rpr-*) {v'\ 

we assume that the rotation takes place first, and is succeeded by 
the pure strain. This form gives 

^'p = r~* (wp) r, 

and ^^V ~ ^*Py 

whence ta is found as above. And then (t?') gives 

w"*^ = r ( ) r"\ 

s 

Thus, to recapitulate, a strain ^ is equivalent to the pure 
strain J<f><ti followed by the rotational strain ^ ._ _ , or to the 

rotational strain . — ^ ^ followed by the pure strain J^^. 

This leads us, as an example, to find the condition that a given 
strain is rotational ovdy^ i e. that a quaternion q can be found 
such that 

* = ^( )^-^ 

Here we have ^' =§'"*( ) g', 

or ^' = <^"^ (to). 

But m^"* = 7Wi— «»,^ + ^', 

or vn^ — vfiy — m^^ + <^*, 'J 

whose conjugate is m<f> = w^ — w,^' + <^'*, J 
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and the eliminatioii of tj/ between these two equations gives 

vn 1 



1. e. 
= 



— (m^ — mm' + 2m^m^ — m) <j> 



(m'm, — mm^m^ + m,*) 

— (wi^ — mm/ + 2m,mj) ^ 

— (mm^ — 2m, — m/) <^' 
-2m,^» 

by using the expression for ^^ from the cubic in ^ 

Now this last expression can be nothing else than the cubic 
in ^ itself, else ^ would have two different sets of constants in the 
form (k), which is absurd, as these constants, from the mode in 
which they are determined, can have but single values. Thus we 
have, by comparing coefficients, 

m^ = 2mi + m/ — mm^ — m^ 

m. 



^,mg = m* — mm^j' + 2mim^ — m > . 
iim. = m'm,— mm,7w* + mi* ^ 



mm J = m m^ — mmiTWj + m^ 

The first gives 

fill = fntn^f 

by the help of which the second and third each become 

m*-m = 0. 
The value 

m = 

is to be rejected, as otherwise we should have been working with 
non-existent terms, and m as the ratio of the volumes of two tetra- 
hedra is positive, so that finally 

m=l, 
fni=m^j 

and the cubic for a 'rotational strain is, therefore, 

^'-m,^' + m,^-l = 0, 
or (^-l){<^"+(l-m,)^+l} = 0, 

where m, is left undetermined. 
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By comparison with the result of (vii.) we see that in the 
notation there employed 

The student will perhaps here require to be reminded that 
in the section just referred to we employed the positive sign in 
operators such as ^ + ^. In the one case the coefficients in the 
cubic are all positive, in the other they are alternately posi- 
tive and negative. The example we have given is a particularly 
valuable one, as it gives a glimpse of the extent to which the 
separation of symbols can be safely carried in dealing with these 
questions. 

Def. a simple shea/r is a homogeneous strain in which, all 
planes parallel to a fixed plane are displaced in the same direction 
parallel to that plane, and therefore through spaces proportional 
to their distances from that plane. 

Let a be normal to the plane, P the direction of displacement, 
the former being considered as an unit-vector, and the tensor of 
the latter being the displacement of points at unit distance from 
the plane. 

We obviously have, by the definition, 

SaP=0. 

Now if p be the vector of any point, drawn from an origin in 
the fixed plane, the distance of the point from the plane is 

— /S'ap. 

Hence, if cr be the vector of the point after the shear, 

a' = <l>p = p — pSap, 

This gives 

^p = p-aAS'^p, 

which may be written as 

= p-^Tp.aS. UPpy 

so that the conjugate of a simple shear is another simple shear 
equal to the former. But the direction of displacement in eadi 
shear is perpendicular to the unaltered planes in the other. 
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The equation for ^ is easily found (by calculating m, rrii, m^ 
from (tt*, 8,)) to be 

Putting ^'<^ = i/r, we easily find (with h = Tp) 
Solving by tlie process lately described, we find 

If 6 = 2, this gives g^ = 1, and the farther equation 

of which ^j = — 3 is a root, so that 

91-^91-7 = 0, 

and g^=1^2 J2. 

We leave to the student the selection (by trial) of the proper 
root, and the formation of the complete expressions for the pure 
and rotational parts of the strain in this simple and yet very 
interesting case. 

As a simple example of the case in which two of the roots of 
the cubic are unreal, take the vector function when the strain is 
equivalent to a rotation $ about the unit vector a ; the others of 
the rectangular system being )8, y. 

Here we have, obviously, 

^a = a, 

^^ = )9 cos tf + y sin 0, 
^y = y COS ^ — /8 sin 0,' 
whence at once 

- <l>p = aSap-h {P coa6 -^ y siaO) S^p +{y coa6 - P Bm6)Syp 
= (l - COS 0) oLSap- p cosO - Vap sintf. 

Forming the quantities m, m^ m^ as usual, we have 
</»'-(! + 2 coa0)<l>' + (1 + 2 cos^) ff^-l^O, 
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or (<^ - 1 ) (</»" - 2 cos tf <^ + 1 ) = 0, 

or (<^-l)(^-costf-/ri sm^)(</»-costf + ^^sintf) = 0. 

Now 

-(^-l)p = (l-costf) {aSap + p)-BmO Vapy 

- (^ - cos tf - J- 1 sin tf ) p = (1 - cos 6) ouS'ap + sin tf (p ^- 1 - Fop), 

-(^-costf + ^risintf)p = (l-cos^)a/yap-smtf(p7-l+^«P)- 

To detect the components which, are destroyed by each of these 
factors separately, we have, by (ii.), for (^ - 1), the vector 

(</»•- 2 cos tf <^ + 1) p = - 2ouS'ap (1 - cos 0) ; 

so that (<^-l)a = 0, 

which is, of course, true. Again 

(<^ - 1) (<^ - cos tf-^^Tsin tf) p = - sin tf (1 -€-»>^) (<s/^a + 1) Fop, 

which we leave to the student to verify. The imaginary directions 
which correspond to the unreal roots are thus, in this case, parallel 
to the Bivectora 

Here, however, we reach notions which, though by no means 
difficult, cannot well be called elementary. 

A very curious case, whose special interest however is rather 
mathematical than physical, is presented by the assumptions 

a' = /8 + y, 
^ = 7 + 0, 
/ = a + /?, 

for then ^p = (j8 + y) ^Sop + (y + a) /S^Sp + (a + ^) Syp 

= (a+/? + y)AS'(a + /? + y)p-(ouSiap + ^5i8p + y/Syp) 
= 3S/S8p + p, 

where 8 is a known unit vector. This function is obviously self- 
conjugate. Its cubic is 
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which might easily have been seen from the facts that 

1st, <^ = -28, 
2nd, <l>a = a, if SaS = 0. 

The case is but slightly altered when the signs of a, j3', y are 

changed. Then 

<^p = — dSJSSp — p, 

and the cubic is 

These are mere particular cases of extension parallel to the single 
axis S. The general expression for such extension is obviously 

<l>p = p— eSSSpy 

and we have for its cubic 

We will conclude our treatment of strains by solving the 
following problem : Find the conditions which must be satisfied hy 
a simple sliea/r which is capable of reducing a given strain to a pure 
strain. 

Let <j} be the given strain, and let the shear be, as above, 

then the resultant strain is 

\l/<l> = <f> + pS . a(f>y 
= <l^ + PJS . fl>'a. 

Taking the conjugate and subtracting, we must have 

= ,/r^^-^y = ^-. ^' + )8aS^. <^a-<^'a/S' . /? 
= 2F.€-F. F<^'a)9, 

so that the requisite conditions are contained in the sole equation 

This gives (1) AS'.i8< = 0, 

(2) JS<f/a€=:O^Sa^€. 
But (3) Safi = (by the conditions of a shear), 
80 that tea = V. j9<^€. 
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Again, (4) 2€' = S. tf/a P€ = S,a<l> (fie) 

2x^ = S. P4>e <l> (pe) = - m)8 V, 

or -77Wi = 2F.)8~*<^e. 

Hence we may assume any vector perpendicular to € for fi, and 
a is immediately determined. 

When two of the roots of the cubic in ^ are imaginary let us 
suppose the three roots to be 

Let P and y be such that 

Then it is obvious that, by changing throughout the sign of 
the imaginary quantity, we have 

These two equations, when expanded, unite in giving by 
equating the real and imaginary parts the values 

To find the values of a, P, y we must, as before, operate on 
any vector by two of the factors of the cubic. 

As an example, take the very simple case 

<l>p = eVip, 

Here it is easily seen by (m, s) that w = 0, mi= + e', ma = 0, 
so that <^" + eV = 0, 

that is ^(<^ + 6n/^T)(<^-6 n/-1) = 0. 

As operand take 

p = {x+jy-\-kzy 

then a II V {<l> -¥ e sPH] {<l> - e J^^) p 

||6r.(<^+6N/^)(%-i«-PN/^) 

||(-iy-^«+p) 

* 
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Again 

I3^ysf^\\<l>{<l>-^ej^)p 

\\e<ti{ky'-jz + J -\p) 



-jy-kz-k- J-lih-J^) 
Wjy-hkz-'J -lijz-ky). 

Witli a change of sign in the imaginary part^ this will represent 

so that P=jy-^kzy 

y =jz - ky, 

Thus, as the student will easily find by trial, /B and y form 
with a a rectangular system. But for all that the system of 
principal vectors of <^, viz. 

a, )8 sfc y nA— 1 

does not satisfy the conditions of rect angularity. In fact we see 
by the above values of fi and y that 

S.^^ + y^/^){|3-y^/~l) = |S' + y'^-'2{y'^^^). 

It may be well to call the student's attention at this point to 
the fact that the tensors of these imaginary vectors vanish, for 

^«(/3±y^/^) = -/S^08dby^/T^l)(^±y^Tl)=y»_^ = O. 

This gives, a simple example of the new and very curious 
modifications which our results undergo when we pass to Bivectors; 
or, more generally, to Biqriaternions, 

As a pendant to the last problem we may investigate the 
relation of two vector-functions whose successive application pro- 
duces rotation merely. 

Here ^ = ^"^ 

is such that by (w) 

or X'X = f V = W, 



206 QUATERNIONS. [CHAP. 

since each of these fimctioiis is evidently self-conjugate. This 
shews that the pure parts of the strains ij/ Bnd^x ^^^ ^^^ same, 
which is the sole condition. 

One solution is, obviously, 

i. e. each of the tv^o is itself a rotation ; and a new proof that any 
number of successive rotations can be compounded into a single 
one may easily be given from this. 

But we may also suppose either of </r, ^ suppose the latter, 
to be self-coi\jugate, so that 

or f'A = ?i 

which leads to previous results. 

* Examples to Chapteb X. 

1. If a, )9, y be a rectangular unit system 

and therefore vanishes if <;^ be self-conjugate. State in words the 
theorem expressed by its vanishing. 

2. With the same supposition find the values of 

S F. Va<l>a . ri3<l>l3 and of ^S. Ya^VPi^p. 
Also of % . aSaffia. 

3. When are two simple shears commutative ? 

4. Expand -= -r in powers of <^, and reduce the result to 

three terms by the cubic in <f>, 

5. Shew that ^T. 4>p4>'p = ^^^^ V. p<l>p 

^ . p^p<l> p 

^mVp<l>p, 

6. Why cannot we expand <f/ in terms of <^", ^, ^* 1 
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7. Express Vp4>p in terms of p, <^p, <^*p, and from the result 
find the conditions that <^p shall be parallel to p. 

8. Given the coefficients of the cubic in (f>, find those of the 
cubics in ^*, <^®, &c. ^". 

9. Pi*ove 

<^ F. a^'a — m F. a^'"'o = 0, 

(<^ + m,) F . a^'a = Fa<^'*a. 

10. If m = -4, 6, c I shew that i/"^ = may be written as 



A, 


b, 


e 


a, 


B, 


c' 


a'. 


h\ 


C 



or € \<*^ y m = 0. 

11. Interpret the invariants m^ and m, in connection with 
Homogeneous Strain. 

12. The cubics in (pxj/ and </r<^ are the same. 

13. Find the unknown strains <^ and x from the equations 

<^ + X = 'W-, 
*X = ^. 

14. Shew that the value of F(<^axa + <l>PxP + i>yx)) is the 
same, whatever rectangular unit system is denoted by a, )8, y, 

15. Pind a system of simple shears whose successive applica- 
tion results in a pure strain. 

16. Shew that, if <^ be self-conjugate, and ^, 77 two vectors, 
the two following equations are consequences one of the other : — 

From either of them we obtain the equation : 



208 QUATERNIONS. [CHAP. X. 

17. Shew that in general any self-conjugate linear and vector 
function may be expressed in terms of two given ones, the ex- 
pression involving terms of the second order. 

Shew also that we may write 

where a, h, c, Xy y, z are scalars, and m, co the given functions. 
What character of generality is necessary in -bj and <o ? How is 
the solution affected by non-self-conjugation in one or both % 

18. Solve the equations : 

(a) F.apj8=F.ayj8, 
{h) ap + p^ = y, 
(c) p + ap^ = a^, 

(e) apPp^papP. 



APPENDIX. 

We have thought it would be acceptable to many students 
if "We should give as an Appendix a brief, and in some cases 
even a detailed, solution of the most important and most difficult 
of the Additional Examples. In doing so, we would add as 
a word of advice, that our solutions be employed simply for the 
purpose of comparison with those which shall occur to the 
student himself. 

Chap. II. 

Ex. 4. If AB = a, BC^P, AP = ma, AP = m'a, BQ=:^mp, 

«fec.; then 

AE^AP + xPQ = AF-¥x'Fq 

gives ma + a; {(1 - m) a + mp] = m'a + x' {(1 - m!) a + m'^}, 

whence x = m\ and PE = rn!PQ, 

Ex. 6. ABCD is a quadrilateral ; AB = a, AG^P, -4Z> = y, 
AP = ma, BQ = m (j8 - a), <kc. 

The condition PQ + RS=^0 

gives (1 -m)a + wi()8— a) + (1 -m) (y — )8)-my = 0, 

or (l-2;7i)(a-)8 + y) = 0; 

an equation which is satisfied either when 1 — 2m = 0, or when 

The former solution is Ex. 5j the latter gives ABCD a 
parallelogram. 

Ex. 10. Let a, h, c be the points in which the bisectors of 
the exterior angles &t A, B, G meet the. opposite sides. Let unit 
T. Q. ^^ 
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vectors along BGj CA, AB be a, )3, y; then with the usual nota- 
tion we have 

aa + 6)3 + cy = (1). 

Now -4 a = « (/3 + y) = - 6j8 + y (5/3 + cy) 

he 
gives 



and 



Similarij 



therefore 



« 


0-0 


Aa = 


bt^^^y^ 


M = 


ca , . 
(y + a\ 


Ce = 


tb^-^^^ 


Ab = 


-c-a^'0>3rlX 


Ae= 


he 



Hence (6-c)-4a+(c-a)-46 + (a-6)Jc=8^ 
and also '(6-c) + (c-a) + (a-6) = 0, 

therefore (Art. 13) a, i, e are in a straight lime. 

Cob. ha : ca :: 6-a : c-a. 

Ex. 12. If the figtire of Ex. 11, Art. 23, be supposed to re- 
present a parallelepiped ; then, with the notation of that example, 

the rector from to the middle point 6f OG is o (<^ + i3'^^ 
which is the same 9a the vector to the middle point of AF^ vis. 

o + ^ (j8 + 8 - a). 

Ex. 13. With the figure and notation of Art: 31, the former 
part of the enunciation is proved by the equation 

g^-jg + y _ 1 / g + jg^-y g + j8 )g + y y + g \ 
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Also, if the edges AJB, BC, CA be bisected in c, a, J, the mean 
point of the tetrahedron Oahc is evidently 

1 fa + P , ff + y , y + a\ 

which proves the latter part of the enunciation* 

Ex. 14. Here we have to do with nothing but the triangles 
on each side of OD, 

liOQ = a, QA^pay AP == Py Pn = qp ; 

TO = xOI> = TQ''OQ = yQP^OQ 

1 

gives «= =-. 

pq^l 

Similarly, if O/J = a', SB = p'o!, BR ^p!,EJ)^ ^'j8'; 

1 



gives a/ = 



yy'-r 



1 m 
But the data are = -7 , v = m(/\ hence 

q p ^ ^ ' 

pq=p'q'y and x^sd i 
therefore T' coincides with T. 

Ex. 15. liAB^a, AG = P, MN^pa, PQ^-qP, i?/S = r (/J--a), 
we shall have, by making AO^ AP + PO = AE + BO, 

(l-(^)a+(l-;>)i8 = ra + (l-.jp)(i8-a)3 

therefore p + g' + r = 2. 

Ex. 17. Let BA = a, BB = P,AP = may AD =pa + qp; then 

Pi> =jpa + qP — ma, 
a.iid BS ^BP + PS=BQ+ QS g^yes 

(1 + w) a + a {pa + qP-ma) = (1 + w) )8 + y (|>a + qP'^mP), 

1 +m 
whence a? = 



m ' 



and i?^= 1±^ {pa + qP)^l±^AD. 



14—2 
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Chap. III. 

Ex. 5. Let ABGD be the quadrilateral ; DA, LB, DC, a, p, y 
respectively. 

Now i8(y-o) + (y-a)^ = y03-a)+(^-a)y 

+ a(y-j8) + (y-)8)a. 

TakiDg scalars, and applying 22. 3, there results, 

uhich is the proposition. 

Ex. 6. If a, P, y be the vectors OA, OB, 00 corresponding 
to the edges a, b, c ; we have 

F(Ci.(7^)=F(a-y)()8-y) 
= F(ajS + ^y + ya) 
= abk + bci + ca/, 
the negative square of which is the proposition given. 

Ex.7. If Sa{l3-y) = and /^;S(a-y) = 0, then, by sub- 
traction, will Sy (a - ^) = 0. 

Ex. 8. If a'={P^ yY, i8' = (y -- a)', y' = (a - jS)^; then will 

for these are the same equations in another form ; and they prove 
that the corresponding vectors are at right angles to one another. 

Ex. 9. If OA, OB, 00, OD are a, A r> 8 ; 

triangle Dil^ : DAC :: tetrahedron ODAB : ODAG 

:: Sa^h : Sayh 

:: triangle 0^5 : OAG, 

because the angles which S makes with the planes OAB, OAC are 
equal. 
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Chap. IV. 



Ex. 1. Let be the middle point of the common perpendi- 
cular to the two given lines ; a, — a, the vectors from to those 
lines, unit vectors along which are P, y ; p the vector to a point 
P in a. line QR which joins the given lines ; F being such that 
RP = mPQ) therefore 

p + a — yy = m (a + 05^ — p). 

Kow since a is perpendicular to both j8 and y, the equation 
gives (1 + m) Sap = (m — 1) a' ; a plane. 

Ex. 2. Retaining what is necessary of the notation of the 
last example, let OS—^. 

If PR perpendicular on y meet j8 in Q, we have - 

— a + yy + RP = p, which gives yy^ = AS'yp ; 

RQ = 2a + aj)8 — yy, which gives yy^ = xSpy ; 

eLudSP' = e'PQ'giyeB 

(p-8)» = 6«(a + aj)S-p)» 



■<'*m^-')'' 



which being of the second degree in p shews that the locus is a 
surface of the second order. See Chap. VI. 

Ex. 3. The equation of the plane is 

>Syp = a, 

which, being substituted in the equation of the surface, gives 
what is obviously the equation of a circle. 

Ex. 4. With the notation of Ex. 1, let 8, 8' be the perpen- 
diculars on the lines, 

then p + 8 = a + a;^ gives r^S = - V^ (f>- a), 

and the condition given may be written 
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.-. F'j8(p-a) = e'FV(p + a). 
Now (22. 9) 

Pi8(p-a)=-i8»(p-a)» + 5»i3(p-a), 

whence p^-^Sap + o" + /S'jSp = e* (p" + 2/Sap + a' + /S^yp), 
a surface of the second order. 

Ex. 6. Sp(fi + y) = c, €L plane perpendicular to the line which 
bisects the angle which parallels to the given lines drawn through 
make with one another. 

Ex. 7. a, p the vectors to the given points A, B, 

Syp = a, SBp = b 

the equations of the planes, y, 8 being unit vectors. 

xy, yS the vector perpendiculars from A on the planes, then 

X = Say — a, y = ^aS — 6, 

.". a5 + y = AS<i(y + 8)-(a + 5) (1). 

Hence by the question 

Sa{y+S)=SP(y + &) 

or >S'(/?-a)(y + 8) = (2). 

Now equation (1) will give the sum of the perpendiculars on 
the planes from any other point in the line AB by simply writing 
a + « ()8 — a) in place of a ; and fit>m equation (2) this will prd- 
duce no change. 

Ex. 8. If j8' be the vector to Cy equation (2) of the last 
example gives 

^(/J_.a)(y + 8) = 0, AS'(iS'-a)(y+8) = 0. 

Now the sum of the perpendiculars from any other point in 
the plane will be found from equation (1) by writing 

o + «()8-a) + « (jS'-a) 

in place of a. Hence the proposition. 

Ex. 10. Tait's Quatemumay Art. 213. 
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Ex. 11. Let a, )3, y, 8 be the vectors OA, OB, OC, OB; 
then (34:. 5, Cor.) 

8 = aS'. ajSy . (FajS + FjSy + Fya)-^ 

_ ahc (hci + eaj + a5^) .- v 

"" (aby + (be)' + (cay ^ ^• 

Now 
triangle ABD : triangle ABG 

;i tetrahedron OABD : tetrahedron OABG 
:: S.apB : S.afiy 
:: S.ahijS : S.abcijk 
:: (aby : (a6)* + (bey + (m)« 
:: (triangle ^05)* : (triangle ^^C)». 

(Chap. III., Additional Ex. 6.) 

Ex. 12. This is merely the equation 
with t eliminated bj taking the product of Fop, Vpp. (See 55. 3.) 



Chap. Y. 

Ex. 3. Let a, a' be the radii of the circles ; a, p the vectors 
from the centre of one of them to that of the other, and to the 
point whose locus is required ; then 

Tp^ T(p-a) 
a a' 

Ex. 7. This is the polar reciprocal of Ex. 3, Art. 40. 

Ex. 8. Let A be the origin, AB = p, AC^y^ the vector to 
the centre a : then 

- V{AB. BO. OA) ^ V, i8(7-i8)r 

= 2^Say — 2ySap from the circle; 
••• S.ar(AB.SC..CA) = 0. 
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Ex. 9. Tait, Art. 222. 

Kk. 10. Tait, Art 221. 

Ex. 11. Tait. Art. 223. 

Ix. 12. Tait, Art. 232. 

Chap. VI. 

Ex. 1. Let 8 be the vector to the given point, ir the vector to 
the point of bisection of a chord, P a vector parallel to the chord, 
all measured from the centre ; then 

8 = 7r + a;)8, 

Sfr<f>& = STTfjiir (48) j 

from which by making 

we get '^p4*P = T '^S^S, 

an ellipse whose centre is at the point of bisection of the line 
which joins the given point with the centre of the given ellip8^. 

Ex. 2. Let 26 be the shortest distance between the given 
lines ; their angle of inclination ; 2a the line of constant length; 
then as in Ex. 2, Chap. IV., 

2p = a5/3 + yy] 

the former gives 

a^ + y'^2x7jcose = i(a'-'b*) (1), 

the latter 

4p=(a; + y)(^+y) + (aj-y)(^-y), 

which, since )S + y, $ -y are vectors bisecting the angled between 
the lines and therefore at right angles to one another, is an equa- 
tion of the form of that in Art. 55. 2; whilst equation (1) satisfies 

the condition 

(a; + y)* + m(a;-y)*=c, 

which is requisite for an ellipse. 
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Ex. 3. Let a be a vector semi-diameter, parallel to a chord 
through } S the vector to : then 

p = 8 + aa 

gives J3S<f>B + 2xSS<l>a + a^Satjia = 1 , 

which, since Sa<jia=l, 

shews that the product of the two values of x is constant ; hence 
the rectangle by the segments of the chord varies as a', which is 
the proposition. 

Ex. 4. With the usual notation, let CE, CE' be semi- 
diameters parallel to DP, D'P, and let their vectors be wi (o — )8), 
7i(a + j8) ; then since P, D, E, E' are points in the ellipse, 

.'. 2m* =1. Similarly 2w" = 1, m = w, 

and DP : D'P :: T{a-P) : ^(a + )8) 

i: Tm{a--P) : Tn{a + P) 
:: CE : CE\ 

CoE. Since «i = -^, CE : DP :: I : ^2. 

Ex. 5. Put na\ np in place of a, p in equation (1), Art. 43. 

Ex. 6, 7. With everything as in Ex. 4, QE, CE" being " now 
semi-diameters in the direction of diagonals of the parallelogram, 

SCE4>CE' ^^8 {a- P)^{a + P) 

hence CE, CE' are conjugate. 

Ex. 8. /S' (a + jS) ^ (a + )8) * 2 gives an ellipse, whose equation 



IS 



Sptf/p = 1, where <^' = ^- ; 



hence the diameters of the locus are to those of the given ellipse 
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Ex. 9. If y be a unit vector to which the lines- are parallel, 
P> P points in which the lines cut the ellipse, 

p= ai + my, p' = 5/ + ny, 

and ^9^9 ^ 1 givea 

2aSi<l>y + mSyffrf = ) .-. 

Similarly ^hSjif^y + nSyif^y = ] ^^' 

Now , Sp<i^' - an Si^y + hmSj^y + mnSytjiy 

BsO, by equations (1) ; 

^•. p, p' are conjugate. 

OoR. The same demonstration applies when the diameters 
from whose extremities parallels are drawn, are any conjugate 
diameters whatever, i, j being parallel to those diameters. 

Ex. 10. Let CP, CP he any two semi-diameters, their vec- 
tors being a, a ; P§ the semi-ordinate to CP^\CQ = na! ; then 

S{PQ.fiHx)=0 
gives S(a,- na) ^a = 0, 

Now the area of the triangle QGP is proportional to 

r(CP.CQ), 
i. e. to n Faa' or ta 

Sa<f>a . Faa', 
which, being symmetrical in a, a', proves the proposition. 

Ex. 11. If the tangent at P' meet GP produced in T, 

CT==ma; 
then, since P'T is perpendicular to ^a', 

1 
oa<pa 

Vaxx 

and area FGT is proportional to 7{GF ^CT)^ ie. to ^ ^, 
which is symmetrical in a, a« 
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Ex. 12. Let a, ^ be the vector semi-diameters of the larger 
ellipse ; C the centre ; the centre of the smaller ellipse, whose 
equation is 

y a vector along PQR ; then 

0$ = -^ + a7; 



^(^^■^^^(^^-^^ = 



a + fl a + /8 

/>y</»y ' 
and since (7^ = a + ^ + a5y, 

hence Pi? is conjugate to CQ^ and therefore bisected at Q, 
Ex. 13. This is simply a combination of 49. 2 and 49. I. 

, Chap. VII. 
Ex. 3. The equation of the circle is 

which by 52. 1 gives 



16 



a« 



.-. /S'aprr- , 



which (52. 11) is the proposition. 

Ex. 5. If be the centre of the circle, Q a point at which it 
meets the tangeiit at ^ ; then, with the notation of 55. 1, 

(2(?» = {aa + l(p-aa)-«jg}»-j(p-aa)», 
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i.e. sr-rzy + ^-T =0, 

which gives two equal values of « ; hence the proposition. 

Ex. 6. With any point as origin, let j8, y be the vectors to 
the two given points, ir the vector to the focus of one of the 
parabolas. "Write aa in place of a in equation (1), Art. 52, a 
being a unit vector; 

then -08-7r)' = {a + .^aOS-7r)}» (1) 

whence, by subtraction, 

j8'-y"-2AS'7r()8-y)=-/Sa03-y){2a + A^a(i3-y)-2;S'air}, 

which gives a by a simple equation in tt; and then equation (1) 
becomes a quadratic in tt. 

Ex. 8. If two tangents meet at T, it is easy, as in Ex. 5, 
Art. 55, with the notation available for the focus, to find 

4a 2 '^ 

4a 2 '^ ' 

and S{ST.ST) = will follow at once, from the fact that 

2^y' + 4a«=0. 

Ex. 9. Let P be the point of contact, PQ the chord, TEF the 
line parallel to the axis cutting the curve m Ej\ E the origin ; 

EP^-^a^tp, ET=J^a, 



EP^EF-^FP = ya-^z^—^A-^{t''t')^] 



whence ,* = 7lY» 2^^"' 2* 
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.% FF : FQ :i t : t' 



« • 



2 *• 2 



:: rjSr : FF. 

Ex. 10. This is evident from equation (1) Art. 52. 
Ex. 11. With the notation of Art. 52, let 

.-. a;'(a-2p) = a+ 8, 
x' (a' - 2A^ap) = a». 

But pf^xp being vectors to the parabola, equation (1), Art. 

52, gives 

a^ (a' - Sapy = (a« + xSap)', 

. *. 03 (a' — Sap) ~ a' + xSap, 

X (a' - 2Sap) = a', 

. • X ^ X ^ 

and the proposition is true (Euc. VI. 2). 

Ex. U. Tait^ Art. 43, Cor. 2. 
Ex. 15. 

CP = a<+- gives (7^=2a^, 

C6^ 2a^ + a;^ = a«' + f =t 2a^ + ^ , 

so that the equation of RQPE^ is 

wlieaoe for £ and K the values of a; are 2 and ~ 1 ; therefore 
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Ex. 16. If CB = aa; a-^mfiy a-mP vectors parallel to the 
given conjugate diameters, 

t 

give ^ = ^ ; therefore CP, CJD are conjugate. 

Ex. 18. Adopting the figure and notation of Ex. 2 of the 
hyperbola, Art. 55, we have 

V 

therefore QR =■ (Z- T) (^ - f ) > 

and rQ.QE== (Z" - T") (ta - ^* 

= P0", since Z«-.r'=l. 

As an example of combining not merely the forms but the 
results of the Cartesian Geometry with Quaternions, we will add 
one more example. 

1/ CF, CD; CjP', CD' he two pairs of conjugate aemi-diameters 
of an ellipsey FI/ wUl he parallel to F'D, 

Let GFy CF be denoted, as in Art. 55. 2, by a:a + y)3, x'a-hy'fi 
respectively ; then CD, CD' will be represented by 

a h ^ a , h ,a 

with the conditions 

ay + JV-aW, ay+6V«aV... (1). 

Now vector D'F = Ta + ^ y' j a + Tj/ - - «' j ft 
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DF=(a/^ly)a+(t/-lx)p. 



But equations (1) give, by subtraction, 

a , b , I o, , b 

^+ry • y — ® •• ® ^r^ • y — ^^ 

therefore JD^F is a multiple of DF^ and consequently parallel to it. 
CoE. FD' : F^D :: aj/ + bx : ay-k-bx\ 



Chap. VIII. 

Ex. 1. With the notation of Additional Ex. 1, Chap. IV., 
the perpendiculars axe 

p-a-a;^, p + a-yy, 

so that spp=9o^y '^yp=yy'j 

and by the question, 

{p-a- ^^S^pY = e'ip + a- y-'Syp)', 
a surface of the second order in p. 

Ex. 3. The equations Sp<f>p = 1, JSir(l>p = 1, with the conditi«a 
^rsfejc^p, give 

1 ir' 

— g SvKjr^Tr = 1, — = 1 respectively, 

therefore Sir<lr^ir = tt*, 

whence the Cartesian equation. 

Ex. 4. If a, )8, y are the vector radii, 

Adding and observing that Saff>a = 1, <fec., there results 

1 1 



r= i- — 4* 



(2'a)' " (a*;?)' (T-y)' a' V ^' 
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Ex. 5. As in Ex. 8, Art. 64, 

and if vector OQ^ = x^a, the ellipsoid gives 
Kow -rr— Ti : = ■:< = fS<l>a<f>\ 






and, since 



{Siay+{Sipy'^{Siyy=d 



(Ex. 7, Art. 64), the result required is obtained by simply 
adding. 

Ex. 6. Letjo^ be the vector distance from the origin, of the 
plane parallel to »y, ir a point in it ; then Sk (it — pk) = gives 
fSirk A const. 

Now aS/oc^tt = 1 is the equation of the plane of contact, and if 
zk be the point in which this plane cuts the axis of z, zSk<f>ir = 1, 
i e. zSirxfik = 1, gives z. 

Now ^A; is a multiple of k^ and since Sirk is constant, z is 
constant. 

Ex. 7. The equations of the ellipsoids 

give Sp<l>a = const, as the plane of contact. 

Ex. 8. Kpa be the vector to the point in the line OA ; the 
equation of its polar plane is Spa<f>p «= 1 ; and the square of the 
reciprocal of the perpendicular from the centre on this plane is 
—p^ {<t>0Lf, Hence the conclusion by Ex. 8, Art. 64. 

Ex. 9. Let p be the vector to P; a, )8, y vector radii parallel 
to the chords; then 
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will be the vectora to A^ B, C ; and since P, A, B, C bj^ 
points in the ellipsoid 

Sp<f>p=l, 2Sp<l)a. + x = d, 2Sp4>P'¥y=0, 

The equation, of the plane ABC is (34. 5) 

S . (^ — f>) (xyo.^ + yzjSy 4- zocya) = xyzS . ajSy, 
and since a, jS, y are at right angles to one another, 

therefore the equation of the plane ABC becomes 

which is satisfied hj 

IT — p = mxf>pj 
where 

and therefore Ex. 4 above gives 

2 



wi = 



a«'^6-'*'c» 



Chap. IX. 



Ex. 2 and 3. Employ formula 11. 

Ex. 5. Since 

a«)8V=a)8y.yj8a, 

formulae 4 and 6 give the required result, 

Ex. 6. Apply formula 10 to Ex. 5. 

Ex. 8. (aPyy = aj8y . a/3y = aj8y (a? . a/3y + F. a^y) 

= aPy{S.aPy+ V .ypa) 
= al3y(yl3a + 2S.al3y) 
= a'py+2aPyS.apy. 

T. Q. 13 
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Ex. 9. Formula 10 gives tlie vector of the product of three 
vectors a, )8, y, under the form a' — /S' + y' where a = aSfiy, &c. 

Hence the required scalar may be written 

S.{a'-^+y')(a' + ^-y'){-a' + ^ + y')i 

and as the scalar part of this product is that which involves all of 
the three vectors a, p^ y we have exactly as in the demonstra- 
tion of formula 5, 

a{Va^y7pya7yap) 

10. The scalar part, by formula 16, is reduced to 
SaSSI3y - SaySpS - Sa£Spy + Sa^SyS + SayS/Sy - SafiSyS, 
which is identically 0. 

The vector part, by formula 12, is 

aS.ySP-pS.ySa + aS.Bpy^yS.BI^a + aS.pyS'-SS.pya, 
which, by formula 13, reduces to 

2aS . j8yS. 

12. If, for brevity, we denote S . a^y, V, ajSy respectively by 
/S' and F, we have, by formula 7, 

2a»i8'y' + a» (/Sy)' + p' (ay)' + / (a^)' - (aj8y)' 

= 2ajSy . y)8a + )Sya . a)3y + ayj8 . jSay 4- ajSy . yaj8 — (a)8y)' 

= 2 (^+ F) (-/S'+ F) + (AS'-r+ 2a;S18y)(/y+ F) 

+ (-^- F+2a/SJ3y)(-/S- F+2y/S^aj8) 

+ (>?+ F)(/y- r+2ySap)^{S+ F)« 

= iaySa/SSpy. 

The student is recommended to verify a few examples such as 
the above, by putting 
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with the conditions 

The quaternion equality will then reduce itself to four alge- 
braic equalities, one of which is obvious, and the others are 

p^ + r' -a' -a' + 2aa'm= 0, 

pq — mr + a'c -^tm— 2ac'm = 0, 

qr + mp + dV + ah — 2a6'm = 0, 

where m = ad + hV + cc\ p — aV — a'h\ 

q = hc' — Vc, r = ca' — c'a, 
Ex. 13. 

Ex. 14. By 34. 8, we have 

a^ S.ipy _ BCD , 
d" S.aPy""^ ABC' 

therefore the same Article gives 

^a.BCD^p.GI)A^y.DAB^h.ABC = 0] 

and since the scalar of the product of this vector by the vector 
perpendicular to the plane in which -4, B, C, D lie gives the right- 
hand side of Ex. 13, we obtain 

a.BCD^p.CDA^y.DAB^Z,ABC=0. 
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